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Abstract. This work presents new results and applications for the continuous Steiner
symmetrization. There are proved some functional inequalities, e.g. for Dirichlet-type
integrals and convolutions and also continuity properties in Sobolev spaces W',
Further it is shown that the local minimizers of some variational problems and the
nonnegative solutions of some semilinear elliptic problems in symmetric domains
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1. Introduction

Consider a variational problem of the following form

(P) J(v) E/(G(x, v,|Vv|) — F(x, v))dx — Stat.!, veK, (1.1)
o)

where K is a closed subset of W, (2), p > 1, and  is a domain in R". The nonnegative

minimizers of problems like (P) may describe stable (‘ground’) states of equilibria in

plasma physics, heat conduction and chemical reactors (for examples see [Di, F, K1]). We

ask for symmetries of the solutions of (P), if G, F and 2 have certain ‘symmetries’.

A well-known result is the following. Let v* denote the Schwarz symmetrization of v
(i.e. the radially symmetric nonincreasing rearrangement). Assume that Q = R",
G = G(|Vv|) and G is a nonnegative and convex function with G(0) =0, F = F(v)
and F is continuous, and K contains only nonnegative functions and has the property that,
if v € K, then also v* € K. Then

J(v*) < J(v). (1.2)

If, in addition, problem (P) has a unique global minimizer u, then we can infer from (1.2)
that u = u*. (Note that this means that u is radially symmetric nonincreasing, i.e.

u = u(]x|) and u is nonincreasing in r, (r = |x|).)
However, if the global minimizer is not unique, then the question arises whether there
could be equality in (1.2) if v # v*. Unfortunately this case cannot be excluded, as the
following simple example shows (see [BZ]).

Example 1.1. For some p > 1, let
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J(w):= [ |Volfdx. (1.3)
R"
Then there are nonnegative smooth functions v with compact support which are not
radially symmetric and satisfy J(v) = J(v*). Their level sets {v > ¢}, ¢ > 0, are nested,
but nonconcentric balls, and the set {Vv = 0} has nonempty interior, that is the graph of
v has ‘plateaus’.

Physically relevant are not only the global minima but also the local minima and
critical points of (P). To show symmetry properties of these functions, the above argument
fails, because in general the Schwarz symmetrization v* is not close to v. Even though
one expects symmetric solutions in many cases, there are again exceptions. Here is
another typical example.

Example 1.2. Semilinear problem for the p-Laplacian: Let B be a ball in R" with centre
0,f € C(Ry), p>1, and let u € C*(B) satisfy

— Apu=—V(|Vul"*Vu) =f(u), u>0 inB,
u=0 on OB. (1.4)

Note that the associated variational problem is

1
/B (p Vol — F(u))dx —Stat.l, ve Wy"(B), (1.5)
where

F(v) := /va(z)dz.

If p =2 and f is smooth then it is well-known (see [GNN]) that

u=u" and
(0u)/(0r) <0 in B\ {0}, (r = |x]). (1.6)

However, if p > 2 or if f is not smooth, then the conclusion (1.6) holds only under some

additional assumptions. Below we give a short (but not complete) list of sufficient criteria
for (1.6):

(1) p=2 and f = fi + f», where f; is smooth and f; is increasing, [GNN];

(ii)) p=n and f(v) > 0 for v > 0, [KP], (see also [Liol] for the case p = n = 2);
(i) f e CI(RK) and Vu vanishes only at 0, [BaN];
(iv) f € CY(Ry) and 1 < p < 2, [DamPa].

The proofs for (i), (iii) and (iv) use the so-called moving plane method which turned
out to be a very powerful technique in proving symmetry results for positive solutions of
semilinear elliptic problems in symmetric domains during the last two decades (see e.g.
Se, GNN, BeN, Da, Dam, DamPa, SeZ). The moving plane technique makes essential use
of the maximum principle for elliptic equations and exploits the invariance of the equation
with respect to reflections. If the differential operator of the problem degenerates then the
method is often applicable only under additional assumptions on the solution. This
concerns, for instance, the p-Laplacian operator for p > 2 (compare the case (iii) above).

The result (ii) was proved by combining an isoperimetric inequality and a Pohozaev-
type identity. However this method is not applicable if p # n.



Symmetry of solutions 159

Figure 1.

One can construct radially symmetric solutions of (1.4) for which the second condition
in (1.6) fails if either p > 2 and f is smooth, or if p € (1,2] and f is Holder continuous
(see [GKPRY]). Moreover, if p =2 and f is only continuous and changes sign, then we
cannot hope that the solution of (1.4) is radially symmetric. Below we give examples of
solutions in the case p > 2 which have a plateau and two radially symmetric ‘shifted
bumps’ on it. Note that similar examples can also be found in the recent paper [SeZ].

Letp>2,5>2,

2\s -
_ <
w(x) = (=[x ?f x| < -
0 if x| > 1

1 if x| <5
v() _{1 — (aP = 25)/11)° if5< x| <6

We choose x', x> € By with |x! —x?| > 2 and set
u(x) := v(x) + wlx — x') + w(x — x?) Vx € Bg.
The graph of u is built up by three radially symmetric ‘mountains’, one of them having a
‘plateau’ at height 1 while the other two are congruent to each other with their ‘feet’ lying
on the plateau (see figure 1).
After a short computation we see that u is a solution of (1.4) with €2 = Bg and
(25/11771(25 4+ 11(1 — ) /5y P2 =1 (1 — yp=(p/9)71
{(50/11)(p — 1)(s — 1) + (2ps — 25 — p + n)(1 — u)"/*}
if0<u<l,
(2s)p71(1 —(u— 1)1/5)(P/2)*1(u _ I)P*(P/S)*l
A=2(s—D)(p—1)+ 2ps—2s —p+n)(u—1)""}
if 1 <u<2.
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If p=2 and s > 2 then we have f € C>([0,2]\{1}) N C'=?/%)([0,2]). The difference
quotient of f is not bounded below near u = 1, i.e. f ¢ C'([0,2]). In contrast, if p > 2 and
s > p/(p — 2), then we have f € C'([0,2]).

On the other hand, the functions in the above examples are distinguished by some
‘local’ symmetry which can be described as follows.
(LS) Every connected component of the subset

{(x,u(x)) : 0 < u(x) < supu, e-Vu # 0}

of the graph of u finds a congruent counterpart after reflection about some (n — 1)-
dimensional hyperplane {x : x-e = A}, A € R, where e is some unit vector.

The purpose of this work is to obtain those weak symmetries for solutions of (P). The
main analytic tool in the proofs will be some variant of continuous Steiner
symmetrization which was developed in [B1]. Our approach is closely related to the
corresponding variational problems of the differential equations. Therefore the
applicability of the method seems to be restricted to equations in divergence form. On
the other hand, we can also deal with degenerate elliptic operators. Furthermore, our
regularity assumptions are rather mild. In most cases we only require that the solutions
are differentiable in the interior of the domain and continuous up to the boundary, and the
nonlinearity in the equation does not need to be smooth.

Given a Banach space X of measurable functions (e.g. I”(R"),p € [1,400)), and a unit
vector e € R", a continuous Steiner symmetrization is a continuous homotopy

t—, 0<t< 4oo,

which connects v € X with its Steiner symmetrization in direction e, v* (see Definition
2.6 and note the difference in notation to the Schwarz symmetrization v*), such that
10 = v and v™®° = v*.

Clearly one looks for paths along which
J(") < J(v), t € [0, +00], (1.7)
whenever
J(v*) < J(v).

Bibliographical remarks on such homotopies were given in [B2]. Let us mention some
related contributions which are connected with the polarization of a function or a set.
This very simple kind of rearrangement was often used in the last decade to prove
functional inequalities for symmetrizations (see e.g. [Du, Be, Ba] and the references cited
therein).

Solynin [So] applied polarization methods to show that some capacities in the complex
plane decrease under some type of continuous Steiner symmetrization. We mention that
the same construction is much more simple for convex sets and was first used by McNabb
[McN].

Finally, one can find a continuous perturbation of a given function (not just a
homotopy!) which is formed by a certain scale of polarizations of this function (see
[B3, BS]). This type of continuous rearrangement can be used to prove the symmetry of
local minimizers for certain variational problems with potentials in a very simple manner.

Our variant of continuous symmetrization is a semigroup and satisfies the family of
inequalities (1.7) for a large number of functionals, in particular for the Dirichlet-type
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integrals (1.3). In addition, it allows the following characterization of locally symmetric
functions (see Theorem 6.2 for a more general formulation).

Let B be a ball in R" with centre 0 and p € (1, +00). Further let u € W,”(B) N C'(B)
and u > 0. Then, if

/B(|W|P —[Vul)dx = o(r)  ast\0, (1.8)

u satisfies the symmetry property (LS).
The symmetry proofs in this work depend on a number of technical steps. Let us
explain the main line by considering the model equation (1.4).

Step 1. By multiplying (1.4) with (u' — u) and then by integrating we obtain
/ Vul Vv (il — u)dx = / £l — w)d. (1.9)
B B

(Note that, if u € W(;’p (B) is nonnegative, then the symmetrized functions u', ¢ € [0, +00],
also belong to Wé’p (B) (see §3), so that (¢’ — u) is an admissible function.)

Step 2. One shows that the right-hand side of (1.9) is of order o(f) as # \, 0 (see §§4
and 5).

Step 3. By convexity the left-hand side of (1.9) is less than or equal to

1
—/(\W’I” = [Vul")dx,
PJB

and this integral is less than or equal to 0 by (1.7) (see §3). This yields (1.8), and so u is
locally symmetric (see §6).

Now we give an outline of our paper. In §2 we give a new definition of the variant of
continuous symmetrization which was investigated in [B2]. This new definition appears
to be more transparent than the old one since it already contains the main properties of the
continuous rearrangement, namely equimeasurability, monotonicity and the semi-group
property. We show that open (compact) sets are transformed into open (respectively
compact) sets under continuous symmetrization. At the end we recall some of the
inequalities and continuity properties that we have derived in [B2] and which we will
frequently use in our proofs.

The following §§ 3, 4 and 5 deal with properties of symmetrized functions in Sobolev
spaces W17, Most of these results are needed for the proofs of our symmetry theorems
but a few of them are of independent interest in the theory of rearrangements. Those
readers who are mostly interested in applications might skip these sections and return to
them later. In §3 we prove inequalities which compare some weighted norm of a non-
negative function u € W*(R") with the same norm of . Note that similar inequalities
are known for Steiner symmetrization and for the so-called starshaped rearrangements
(see [K1,K4,BM] and [B4]). The proof is based on an approximation argument with a
special dense subclass of piecewise smooth functions (called ‘good’ functions). These
functions have the property that they oscillate only finitely often along any straight line
lying in the direction of the symmetrization. In §4 we show that continuous Steiner
symmetrization is continuous from the right with respect to the parameter ¢ in Sobolev
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spaces W!7(R"), 1 < p < +o0. In §5 we study the behaviour of some nonlinear integral
functionals for 7 \, 0 and show that it is approximately linear. In § 6 we investigate locally
symmetric functions (see property (LS) above). A purely analytic description in terms of
continuous Steiner symmetrization is given by Theorem 6.2. The preceding investigations
enable us to prove that local minimizers — and also the corresponding weak solutions — of
problem (P) are locally symmetric in ‘symmetric’ situations (Theorems 7.1-7.3 of §7).

We point out that it is possible in many cases to derive from the local symmetry
additional symmetries such as Steiner symmetry or radial symmetry (see [B4, B6]). Some
further results in this direction will be published in a forthcoming paper.

2. Preliminaries

We introduce some notation. Let R" be the Euclidean space, R = [0,+0c0) and
R™ = (0,4+00). If n > 2 and x € R", then we write

x:(x/ay)a x/:(xl7--~;-xn71)7 Y = Xn,

and |x| for the norm of x. B,(xy) denotes the open ball in R" with radius r centered at xo,
and we write B, = B,(0). By w, we denote the volume of the n-dimensional unit ball in
R". For any set M in R" we denote with M its closure and with x (M) its characteristic
function. If A, B are two open or compact sets thenA + B :={z:z=x+y,x €A,y € B}
denotes their Minkowski sum. Let M(R") be the set of Lebesgue measurable —
measurable in short — sets in R" with finite measure. If M € M(R") then we denote by |M|
its n-dimensional measure and by S(M) = (S;(M), ..., S,(M)) the centre of gravity where

S,~(M)=\M|*‘/x,-dx, i=1,...,n
M

We write MAN for the symmetric difference (M \ N) U (N \ M) of two measurable sets
M and N. Generally we treat measurable sets only in a.e. sense, i.e. we write

M =N<= |MAN|=0 and
M CN<=|M\N|=0.

If Q2 is an open set in R" and p € [1, +00] then we denote by || - ||, the usual norm in the
space LP(2). Sometimes we will write

1/p
</|u|pdx> if 1 <p<+co
G

ess sup |u| if p=+o0
G

Hu”p,G = )

to indicate the integration over a subset G of Q. By W!?(£)) we denote the Sobolev space
of functions u € L”(Q)) having generalized partial derivatives u,, € L’(Q), i = 1,...,n,
and we write

n
leell gy = llull, + > llusll,
i=1

for the norm in this space. By Wé’p (©) we denote the completion of C3°(€2) under the
norm || - [|y1,()- Recall that Wy P (R") = W'?(R") (see [A]). By Cy'(€2) we denote the
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space of Lipschitzean functions with compact support in €. For any function space the
subscript ‘+’ denotes the corresponding subspace of nonnegative functions, e.g. L (),
Wy (), €L (Q),.....
A function F : Rj — Ry is called a Young function if F is continuous and convex and
if F(0) = 0. Finally, let S(R") denote the class of real measurable functions u satisfying
H{x € R":u(x) > c}| < +oo Ve > infu.

Note that L/, (R") and WL”(R”), 1 < p < +o0, are subspaces of S, (R").
Next we give the definitions of some well-known symmetrizations.
(1) Let M € M(R), and let M be open or compact. Then set

. ) (=(1/2)[M],+(1/2)[M]) if M is open
©[=(1/2)|M],4+(1/2)|M|]  if M is compact and M # 0. (2.1)
If M € M(R) is neither open nor compact, then M* is given by the first formula in (2.1)

in a.e. sense. M* is called the symmetrization of M.
If u € S(R) then the function

sup{c >infu:x € {u>c}} ifxe U {u>c}’

s (x) — c>infu
inf u if x¢ | J {u>c}’ (2.2)

c>infu

is called the symmetrization or the symmetric nonincreasing rearrangement of u.
Note that u(x) is symmetric with respect to zero, nonincreasing for x > 0, and we have

{u>c} ={u" >c} Ve>infu (2.3)
(2) Let n > 2 and M € M(R"). For every x' € R"™! we set

M('):={y€eR:(x,y) € M}, (intersection of M with (x',R)).
Note that every set M € M(R") has the representation

M={x=,y):yeMK), ¥ e R" '},
where M(x') € M(R) for almost every x' € R"~!. The set

M = {x=,y): ye (M(X))", ¥ e R} (2.4)

is called the Steiner symmetrization of M with respect to y. Note that M* is symmetric
and convex with respect to the hyperplane {y = 0}. Moreover the sets (M (x'))" and thus
also M* are pointwise given by formula (2.4) if M is open or compact. Also it is well-
known that if M is open (respectively compact) then M* is again open (respectively
compact).

If u € S(R"), then the function

sup{c>infu:ye{ul¥, )>c}'} ifye U {u(x',)> c}”

c>infu

inf u if yg |J {ul,)>c}"

c>infu

w(x',y) =

(2.5)
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is called the Steiner symmetrization of u. Note that u*(x’,y) is symmetric with respect to
{y = 0}, nonincreasing in y for y > 0, and we have

{u(x,-) > ¢} ={u*(¥,-) > ¢} for ¢ > infu and X' € R""". (2.6)

(3) Let M as in (2) and let r > O satisfy |M| = |B,| = w,". If M is open or compact, then
set

. JBr if M is open
B, if M is compact and M # . (2.7)

(Notice the difference between M* and M*!)

If M is neither open nor compact then M* is given by the first formula in (2.7) in the
a.e. sense. M* is called the Schwarz symmetrization of M.

If u € S(R") then the function

sup{c > infu:x € {u>c}} ifxe U {u>c}”

u*(x) — c>infu
inf u if x¢ |J {u>c} (2.8)

c>infu

is called the Schwarz symmetrization or the (radially) symmetric decreasing rearrange-
ment of u. Note that u* can be written as u* = u*(]x|) and is nonincreasing in |x|, and we
have

{u>c} ={u">c} Ve>infu. (2.9)

Further let us mention that for continuous functions u the level sets in (2.3), (2.6) and
(2.9) are open such that the corresponding symmetrizations of u are pointwise given by
these formulas. Also it is well-known that these symmetrizations are then continuous, too.
Clearly for measurable functions the identities (2.3), (2.6) and (2.9) still hold in a.e. sense
(and (2.6) for a.e. ¥ € R*™1).

Remark 2.1. It is more convenient in the literature to define the symmetrizations of
arbitrary measurable sets and functions pointwise (see e.g. [K1]). (For instance in case
of the Steiner symmetrization this can be achieved by agreeing that u*(x',y) is right- (or
left-) continuous in y for y > 0.) But it will turn out that we cannot give a pointwise
definition of continuous symmetrization for arbitrary measurable sets and functions.
Since the Steiner symmetrization will appear in that context as a special case we prefered
the above settings.

This paper deals with a variant of continuous Steiner symmetrization which was
introduced by the author in [B2]. Below we give a new and much shorter definition:

DEFINITION 2.1

Continuous symmetrization of sets in M(R): A family of set transformations
E; : M(R)—M(R), 0<t< +o0,

satisfying the properties (M,N € M(R), 0 < 5,1 < +00)

(i) |E,(M)| = |[M|, (equimeasurability),
(ii) If M C N, then E;(M) C E,(N), (monotonicity),
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(i) E:(Es(M)) = E;+(M), (semigroup property),
(iv) If I = [y1,y2] is a bounded closed interval, then E,(I) = [y}, 5], where

Vi=301—y2+e'(1 +32)),
Vi=10n—yi+e (i + 1)), (2.10)

is called a continuous symmetrization.

Remark 2.2. One immediately verifies that the rules for the formation of symmetrized
intervals (2.10) are consistent with (i)—(iii). Note also that there are possible other variants
of the continuous symmetrization by modification of the formulas (2.10) (see [K2]).
Some of the results in the following sections 2—4 could be proved similarly using these
modified definitions. The present variant of continuous symmetrization can be used to
give another analytic description of the symmetry property (LS) (see Theorem 6.2) which
plays a central role in our approach. We underline that Theorem 6.2 is not true for the
continuous symmetrization of [K2] in view of the examples given in ([B2], Remark 9).
Therefore we will concentrate ourselves upon the present version.
From now on we will write for simplicity M’ := E;(M) for the symmetrized sets.

Theorem 2.1. There exists a family of set transformations E', 0 < t < +oo, satisfying
(1)—(iv). For every M € M(R) the map t— M’, 0 <t < 400, is a homotopy, i.e.

M’ =M, M>=M". (2.11)

Finally, if M € M(R) is open, then M" has an open representative for every t € [0, +00).

Proof. First note that the properties (i) and (ii) imply

(MUN)' D M'"UN', (2.12)
(MAN)' cM'NN" and (2.13)
IMAN| > |[M'AN'). (2.14)

Now the proof is in several steps. Our aim is to give an explicit construction of the sets
M', t € [0,+00], and to show the uniqueness of this construction.

(1) Let M be simple, that is M = U;"_| I}, where the I;’s are disjoint bounded closed
intervals. From (2.12) it follows that we must have

M S, Ve[, +o0].
k=1

The intervals I} are disjoint for

2|8() = S|

1<t = min{log A
J

:1§j,k§m},

and for ¢+ = #; some of them meet each other in their endpoints. In view of the equi-
measurability (i) we must therefore have

M = ]I foro<r<u. (2.15)
k=1
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Furthermore, since the family M’, 0 < r < 400, must satisfy the semigroup property (iii),
we can argue analogously for parameters ¢ > t; by using the formula M' = (M")"™".
Thus we get by induction numbers m =:mg >m; > --- >my_1:=1and 0 =: 1) < f
< .-+ <ty = 400, and bounded closed intervals I;;, k = 1,...,m, such that for any
t €t ti) and any [ € {0,...,N — 1}

m

M = )",

k=1

where the intervals (IkJ)Hl are pairwise disjoint for ¢ < 7,4, and where some of them
coalesce for t = t;,;. Moreover

M AM'|—0 as ¢ /g, [=0,...,N—1.

Finally (2.11) is satisfied. Vice versa, it is easy to see that the above construction yields a
family of set transformations which satisfies (i)—(iv) in the subclass of simple sets.
Furthermore, by using the rule (2.14) we check that this construction is unique. Note also,
that since we may add arbitrary nullsets to the sets M’ — the above representations remain
unchanged if the [;’s are open bounded intervals.

(2) Let M be open and ¢ € [0, +0c]. Then we have M = Uk*j‘flk, where the [;.’s are open,
pairwise disjoint intervals. Setting M, := U I, m =1,2,..., we must then have
M' D U;XM!, by (2.12). (Note that the sets M’ are well-defined by part (1)!) Since
M| = |M!,|—|M| as m — +o0, and since (ii) must be fulfilled, this leads to

+00
M =M, (2.16)
m=1

By using (2.14) and part (1), we check easily, that the family M’, 0 < r < 400, given by
(2.16) does not depend on the enumeration of the intervals Ij.

Vice versa, by using again (2.14), we see that the above construction satisfies all the
properties (i)—(iv) in the subclass of open sets, and that this construction is unique. In
particular, formula (2.16) shows that M’ has an open representative and that (2.11) is
again satisfied.

(3) Let M € M(R). Then we have a representation

+00
M= ()0, (2.17)

n=1
where O, D 0,1, n=1,2,..., are open sets. To satisfy (2.13), we must also have
M' C N;20%. On the other hand, we have that O, D O, .,n=12,..., thatis |0} |—

|M| as n — +oc. The rule (i) forces the following representation,
+oo
M = (o (2.18)
n=1

In view of (2.14) and part (2) we see that the set M’ given by (2.18) is independent of the
representation (2.14). Furthermore, by using part (2) and once more formula (2.14), we
check that the above construction satisfies the rules (i)—(iv) in the class M(R), and that
this construction is the only one, satisfying these properties. Finally, (2.11) is satisfied by
part (2) and (2.18). [ |



Symmetry of solutions 167

Theorem 2.1 enables us to give a pointwise definition of the continuous symmetriza-
tion of open sets.

DEFINITION 2.2

Continuous symmetrization of open sets in M(R): Let M € M(R) be open and
t € [0, +00]. Then the set

MO = U{U : U is an open representative of N', N open, N CC M}
(2.19)

is called the precise (open) representative of M.

One verifies easily that the above definitions of continuous symmetrization on the real
axis are equivalent to those given in [B2]. Next we repeat the definition of the continuous
Steiner symmetrization of [B2].

DEFINITION 2.3

Continuous (Steiner) symmetrization of sets in M(R"): Let M € M(R"), n > 2. Then
the family of sets

M= {x=(y):yeMX)), ¥ eR""}, 0<1< +oo, (2.20)

is called the continuous Steiner symmetrization of M. If M is open and 7 € [0, +oc], then
the set

MO = {x=(,y):ye M), ¥ e R} (2.21)

113

is called the precise representative of M’. Here the relation “=" in (2.21) has to be
understood in the pointwise sense.

Remark 2.3. (1) Note that if M € M(R"), then we have by the above definition
M0 = M and M>®© = M* in the pointwise sense. (2) According to ([B2], Theorem 4)
the properties listed in Theorem 2.1 remain valid for continuous Steiner symmetrization
(n >2). Below we give three further properties:

(a) If M,N € M(R") are open sets with M C N, then
dist{M;ON} < dist{M"?;ON"®} V0 <t < +o0. (2.22)
It is easy to verify (compare also [BS]) that (2.22) yields the following:
(b) Smoothing property: If M € M(R"), t € [0,+00] and r > 0, then
M +B. c(M+B,)°  and (2.23)
MO\ (OM™© +B,) D> (M \ (OM + B,))"°. (2.24)
From the Definitions 2.1-2.3 we immediately derive the following property:

(c) Continuity from the inside: If {M;} is an increasing sequence of open sets with
| U2 My| < +oo0, then

+o0

) = <DCMk> | vVt € [0, +00)]. (2.25)
k=1

k=1
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Theorem 2.1 suggests that if M € M (R") is open then the precise representatives M"?,
t € [0, 400], should be open too. It was kindly pointed out to me by Buttazzo that this fact
is missing in [B2]. Nevertheless its proof is simple and requires no more than the
monotonicity (Definition 2.1(ii)) and the properties (b) and (c) from Remark 2.3. This
observation was first made by Sarvas [Sa] in a context of general rearrangements.

Lemma 2.1. Let M € M(R") and open. Then the sets MO 0<t< 400, are open too.

Proof. We fix t € [0,400]. In view of (2.25) we have

w0 = U\ @M + (1 /KB ©.

k=1

By the monotonicity (Definition 2.1(ii)) and by (2.24) this yields

+00
M0 = | J MO\ (@M + (1/K)B)),
k=1
which means that M"? is open. The lemma is proved. [ |

Remark 2.4. Similarily as in the case of the Steiner and Schwarz symmetrization it is also
possible to give the continuous symmetrization of compact sets a pointwise meaning (see
[B4]). But since we do not need such a construction in this paper we omit the details.
From now on let us agree that if we speak about the continuous symmetrization of open
sets, then we always mean their precise representatives, and we omit the superscript O.

DEFINITION 2.4

Continuous (Steiner) symmetrization of functions: Let u € S(R"). Then the family of
functions ', 0 < ¢ < 400, defined by

sup{c >infu:x € {u>c}'} ifxe U {u>c}

ut(x) — c>infu . xe Rn,
inf u ifx¢ U{u>c}t
c>infu
(2.26)

is called continuous (Steiner) symmetrization of u with respect to y in the case n > 2 and
continuous symmetrization in the case n = 1.

Remark 2.5. Tt is easy to see that formula (2.26) is equivalent to the following relations
{u>ct={u>c}  Ve>infu,

{u' =infu} =R"\ U {u>cl,

c>infu

{u' =+oo} = () {u>c}. (2.27)

c>infu

It was shown in [B2], that u° = u and 4™ = u*. Furthermore, if u is continuous, then for
every t € [0, +o0] the function #’ has a continuous representative which is given by the
formulas (2.26) and (2.27) in pointwise sense and on the right-hand sides of these
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Figure 2.

formulas are taken the precise (open) representatives of the corresponding level sets. One
can illustrate the formulas (2.26), (2.27) by continuously rearranging a step function as in
figure 2.

If

u=co+ Y cix(M), (2.28)
where M1 D -+ D M,,, Mi € M(R"), and ¢ € R, ¢; >0, i =1,...,m, then
u'=co+ Z cix(M?), t € [0, +o0]. (2.29)
i1

From now on let us agree that if we speak about the continuous symmetrizations of
continuous functions, then we always mean their precise (continuous) representatives.

Remark 2.6. Let us recall some properties of continuous symmetrization that we proved
in [B2] and which we will use from time to time (M,N € M(R"),u,v,w € S.(R"),
t € [0, +00]).

(1) Monotonicity (see [B2], Theorem 5):

If u <wv, then
u <. (2.30)
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(2) Cavalieri’s principle (see [B2], Theorem 8):
/ F(u)dx= | F(u')dx, (2.31)
0 -

if F is Borel measurable and the left-hand side of (2.31) converges.
(3) Continuity with respect to the parameter t: If t,, — t as m — o0, then (see [B2],
Theorem 3)

M — M'  in measure, (2.32)

and if u is a.e. finite, then (see [B2], Theorem 7)

I t

u"n —u in measure. (2.33)

(4) Centre-formula (see [B2], Remark 4):
SM") = (Si(M),...,S, 1(M),e”'S,(M)). (2.34)
(5) Nonexpansivity in [P (R"), 1 < p < +o0, (see [B2], Lemma 3): If u, v € LP(R"), then
ot =, < =], (235)

(6) Hardy-Littlewood inequality (see [B2], Lemma 4): If u, v € L*(R"), then

/u’v’dxz/ uvdx. (2.36)

(7) If u is Lipschitz continuous with Lipschitz constant L then «’ is Lipschitz continuous,
too, with Lipschitz constant less or equal to L, (see [B2], Theorem 7).

Note that (1), (2), (5) and (6) are common properties of monotone equimeasurable
rearrangements (see [K1, BS]). We mention that the Lipschitz continuity is in fact the
‘best’ regularity which is preserved under continuous symmetrization. This can be seen
by symmetrizing a function f € C'(R) which has more than two monotonicity intervals
(see figure 3). The functions f* and f*° are not differentiable in the marked points.

From now on we will assume that n > 2. Since the continuous Steiner symmetrization
is in fact a ‘one-dimensional’ construction, the results of this work can be transferred to
the simpler case n = 1 with obvious changes.

3. Dirichlet-type inequalities

In this section we prove various inequalities which compare some (weighted) Sobolev
norm of a function u with the same norm of u’. The strategy in the proofs consists in
changing locally the variable of integration from y to u in the functionals. Functions for
which this is possible are characterized by the following:

DEFINITION 3.1 (‘Good’ functions)

A function u is called good if u is defined on R" and nonnegative, piecewise smooth with
compact support, if for every ¥ € R"~! and ¢ > 0 the equation u(x’,y) = ¢ has only a
finite number of solutions y = yi, k = 1,...,[, and if

inf{|u,(x)| : x € R", uy(x) exists} > 0. (3.1)
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Figure 3.

Remark 3.1. (1) Good functions are dense in W”(R") in the norm of W'?(R") for every
p € [1,+00). This can be seen as follows. C;°(R") is dense in W!'7(R"). Any Cg°-
function can be approximated by piecewise linear functions with compact support. If u is
piecewise linear with support in Bg(0), (R > 0), then set

o := min{|u,(x)| : x € R", u,(x) exists and is # 0} >0

and

{1 —R7|y| i [y <R

v(x) == . :

0 if [y| >R

The functions u. := u + ev are good if 0 < || < £, and u. converges to u in WP (R")
as ¢ tends to zero. Note that the same argumentation can be found in ([K1], pp. 49)
for good piecewise linear functions in W(}”’(Q), where 2 is a bounded domain. (2)
Let u € W' (R") N CL.(R"). Then u is absolutely continuous on almost every line
{x¥' = const} (see [EG], p. 164). From this we can infer (compare [C], Appendix 1
and 4) that u is ‘generically’ good, i.e. for almost every pair (¥',c) € R"™' x R} the
equation u(x’,y) = c has only a finite number of solutions, and the equation u,(x’,y) =0
does not have any solution. (3) If u is good and piecewise linear, then the functions

u', t€]0,+0c], are in general not piecewise linear, as one can see from simple



172 Friedemann Brock

examples of functions which are not quasiconcave in the direction y. But there holds the
following:

Lemma 3.1. Let u be good. Then the functions u', t € [0, 400, are good, too.

Proof. The set
K :={(x,u) € R""xR" :3(x',y) € suppu, such that u = u(x',y)} (3.2)

is compact. Furthermore, it is easy to see that for a.e. point (x{, uo) € K there exists an
open neighbourhood V C K such that the equation u = u(x’,y) has exactly 2m,
(m =m(V)), solutions y = y;(x',u) in V, y € C}(V), k=1,...,2m, and such that
y1 < -+ < yam- Thus u can be represented in V by local inverse functions y = y;(x', u),
and we have that

ono) <8yk)_1 >0 if kis odd
Uy X, Yr) = )
! Ou <0 if kis even

-1
uxi(x’,yk):—gfj<%) , i=1,...,n—1, (k=1,...,2m). (3.3)

Our aim is to derive analogous representations for ', ¢ € [0, +00]. To this end we restrict
our considerations to one of the above open sets V. First observe that for each (x',u) € V
the equation u = u'(x’,y) has at most 2m solutions y, by the proof of Theorem 2.1. Let V'
be an open set with V/ CC V. Then we see from Definitions 2.1-2.3 that for small ¢, '
can be represented in V' by smooth inverse functions y = y}(x’, ) through the formulas

—_—

Yoio1 = 5 (ar—1 — yok + e (Yak—1 + y2x)),

Yo = B (yak — yak—1 + e (Va1 + yar)), (3.4)

and there hold the following identities,

N\~ >0 if kis odd
w, (¥, vi) = <%) { ;
ou

<0 if kis even
Ay (EM

-1
t fow — _7K | — — =
u, (X', ) = Ox, 8u) , i=1,....n—1, (k=1,...,2m). (3.5)

Suppose that #,(= t;(x',u)) is the first value of #, such that some of the intervals
Voo (0 u), ¥o (¥, u)], k= 1,...,m, coalesce. Note that #; (x’, u) varies continuously in
V. For simplicity in notation let us assume that we have y3 =y, k=1,....1
(I <m— 1), at some point (xy, up) € V'. Following the proof of Theorem 2.1, we see that
there is some (small) neighbourhood V" of (xj, up) and some number #, > sup{z (x’, u):
(x',u) € V"}, such that the functions y| (x', u) and y4,(x", u), (¢t < #;(x’,u)), find ‘continua-
tions’ 7} (x", u), for 1, (x',u) < t < t, and such that u = u'(x’,n), i = 1,2, in V”. From the
equimeasurability we have that

!
=M = Z()’zkﬂ —yu) =y — ¥ (3.6)
=1
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Since the set Uizl [V2k—1,Y2k) is continuously symmetrized independently from the other
intervals for ¢ < 1,, we may apply the centre formula (2.34) onto this set. Together with
the semigroup property this yields

m +77§ ol Zk 15O + Vo)
2 Zk 1(Y211< - ytzlk—l)

After a differentiation with respect to x;, i = 1,...,n — 1, we infer from (3.6), (3.7) that

(3.7)

l

'3 13 _ 1 1
My — Ty = § (y2k,xi - kafo,')’
k=1

i
; ;o 2 Zk:1(yl21kylzlk,x,- - ytzlk—lylek—m)
772,x,» + nl,x,' - 1 n 1
Dok 2 — Yo 1)

S (057 — (6% ’ ,
- (kz:ll (2;(1 y 2k )1 2 kz; ka, yt2k71,x,»)' (38)
k=1\"2k 2k 1 =

In view of the equalities

y;‘k_l :y;‘k, k=1,...,1,

Ya =i, o =, (3.9)
we obtain from (3.8)

1 2]

nlllxxi = T Z 1)/_)7] Xi y2] yjl'l)v
Yo — yl j=1
) 1 21
T = n Z =1, 07 =) (3.10)
Yo yl j=1

Analogously we compute the derivatives with respect to u as

77r11‘u = t1 tl Z |ytl I( y21 _Y?)a

|nt21’l‘ - f1 ll Z |y]t,u _yl) (311)

and we have n2 <0< 77 . We will not specify formulas for the ‘future’ of the
remaining intervals [y}, ](x u) Vo (X )], k=141,...,m, for t € (t(xX',u),1,). Some
of these intervals might be computed henceforth according to (3.4) while others coalesce
during that time. This leads to analogous computations.

By means of the semigroup property we can repeat these considerations step by step
for every ¢ € [0, +00] and for almost every points of K. From the formulas (3.4), (3.5),
(3.10) and (3.11) we see that ' is piecewise smooth and

inf{]u(x)] : x € R", u(x) exists} >0, 1€ (0,+00].

The lemma is proved. [ ]
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Theorem 3.1. Let be u a good function, G a Young function and a € C(R) nonnegative,
even and convex. Then for every t € [0, 400]

Lol o) £ )
- [ o(feo (@) £ e s

Proof. We use the notations of the previous proof. We may change locally the variable of
integration in (3.12) from (x’,y) to (x’,u). Then the integrals on the left and right-hand
side of (3.12) become [, I(x', u)dx'du and [, I,(x’, u)dx'du, respectively, where K is given
by (3.2) and I and [; are nonnegative functions which will be specified below. Then, to
prove (3.12), it is sufficient to show that

I(X',u) > L(x',u) forae. (x,u) € K. (3.13)

Using the notations of the previous proof, we compute

_ 1/2
OV 2 = Oyk Oy
Hx, o) ZG <_) { o2\ |

Similarly, we have that
2m —1 n—1 /2 ayt
L(xp,u0)=)» G ( ) { o)+ ( )} ’—" , forre(0,1),
Z —\ Ox; ou
(3.15)

=1
where #; = 1, (x{, uo). Thus, to prove (3.13) at (x;, ug) for t € (0, 1), it suffices to show that

oilt) := i G (‘%

(3.14)

i

Ou

_ 1/2
f 3)’1 (‘3y§
u ) { )+ Z <8x,> } ‘E

1=2k—1

is nondecreasing for t € [0,1,), (k=1,...m). (3.16)
To see this, we formally extend the definition (3.4) of the functions y, (k =1,...,2m),
for all ¢ € [0,+00]. We introduce the new parameter A := (1/2)(1 — ) and set

k() := ¢x (). By setting in addition
(1= X) :=e(A) VA€ 0, (1/2)],

a simple calculation shows that ¢4 (), A € [0, 1], is convex. This proves (3.16).

Next assume that at the moment 7 = 7 the intervals [y, |, y5 ). k=1,...,L (I <m),
coalesce and are ‘continued’ in a single interval [n|, 3] according to the formulas (3.6),
(3.7). Note that I,(x), up) is not defined at # = ;. Setting yx :=y{!, k=1,...,2l, and
N = n,i‘, k = 1,2, we want to show that

n—1 1/2
ZG 77ku| { +Z 77kx, } |7]kﬁu|

2
k=1 i=1
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—_

n—

2 1/2
S;G (|yk,u)1{a2(yk)+ (ykx,)} Ykl - (3.17)

i=1

Choosing

|y,u|(y, 1) [ = |yl 21 — 1) and

)‘j = bj 2
S il G = 31) Dt 1l (v = )
n—1 1/2
g = { +Z ylxz } |yj,u|)7la J=1....2

i=1

the right-hand side of (3.17) becomes

21 21 _ 2 _
Z (Zk_l |yk,u|(yk yl) )ij(zj) + Zk:1 |yk,u|(y21 yk) ,qu(Zj)>—: I

Y2r — Y1 Yor — Y1

J=1

Since G is convex we conclude from this

21 21
12G<Z )\_,'z,) Zk 1|yku| Yie— )’1 n G(Z WJ) Zk1|y)’k,u|(;’2z )’k) —. 7
= 20— V1

Yor — Y1

Furthermore, from the monotonicity and convexity of the function ¢(i,...,&,) :=
{€ +-- &} we derive

ik'z < (G —y1)’@(va) + X0, [Z V(=1 (v — )P}
=1 o Sl el O = 1)

and

=/ {2 =30 () + S0 00 (— 1y 0 v = 3) Y2
Z HjZj = :
Zk:l |)’k,u|()’2l - )’k)
Together with the monotonocity of G this yields
S il 0 = 1)
Yar = )1
2 n—1s—21 j 291/2
{02 =y (ar) + 300 5 (1 v Oy = )P}
x G 37
> it 1yl (v = >1)

I'>

4 E,Z |Yj,u\()’2l - )’j)
Y2 =1
XGmew>om+z s WMwaﬂwv
Sy [l G2 — ) '

But in view of the identities (3.9)—(3.11) this last term is equal to the left-hand side of
(3.17). Now from the inequalities (3.16) and (3.17) we obtain easily that the function
h(t) :== L,(xy, u0), t € [0,12), does not increase across the value ¢ = #;. Moreover, using
the semigroup property we see that A(t), t € [0, +00], is well-defined — with the except of
a finite number of values ¢ — and nonincreasing.
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By Lemma 3.1 we can argue similarly for a.e. (x',u) € K. This shows (3.13), and the
theorem is proved. |

A slight generalization of the previous Theorem 3.1 is the following:

COROLLARY 3.1

Let the functions G(x',v,z), a(x',y,v), a;j(xX',v), i, j=1,...,n—1, be continuous
V(x,v,z) € R" x (Rar)z. Let G be nonnegative and convex in z with G(x',v,0) =0
V(¥,v) € R"' x R{. Further on let a be positive, even and convex in 'y, and let the
matrix (a;;) be positive definite. Finally let u be a good function. Then for every t €
[0, 400] we have

n—1 1/2
/n G|x,u, {azui + Zaijuxiuxj} dx
i=1
n—1 1/2
> / G .x”],{7 {le(uly)z + Zdl]u;lu;/} dx. (318)
3 i=1

(For simplicity we wrote u=u(x), u' =u'(x), a=a(x,u(x)), a=a(x,u'(x)) and
aj = aj(X',u(x)), @ = a;(x',u'(x)), i,j=1,....,n—1, in (3.18).)

Proof. We fix an arbitrary point (x{,,up) € R x Rg . From the previous proof we see
that it is sufficient to show the statements (3.16) and (3.17) at (x), up) — with the terms
containing partial derivatives in x;, (i = 1,...,n — 1), replaced by some corresponding
quadratic forms. For an appropriate linear mapping x'—¢ € R"~! we can achieve that the
function v(,y) := u(x',y) satisfies

o\’

23
at the point (x;), uo). Since, by the definition of the continuous symmetrization, v'(¢',y) =
u'(x',y), (t € [0,4+00]), (3.16) and (3.17) then follow as before. [ |

n—1 n—

E Gjjly, Uy, = g
pan

1
i=1 =1

Remark 3.2. (1) Integrals as in (3.12) and (3.18) with G = G(z) = z*> and a some power
of y appear in variational problems for two-dimensional or axisymmetric flows (see
[F,B1]). (2) In the case t = +oo (i.e. for Steiner symmetrization) the inequality (3.18) can
be proved in a simpler manner (see [B5]). Equation (3.18) seems to be the most general
Dirichlet-type inequality for Steiner symmetrization which appeared in the literature.
Note that some similar inequalities with a radial weight function in the integrand are well
known for the so-called starshaped rearrangements (see [BM, K1, 3,4 and M]).

If a=a; =1 and G(z) = 2’ for some p € (1,+00) in (3.18) then we are led to norm
inequalities in W'”. For the proof we further need the following nice equivalence
principle for convex inequalities which was shown in ([ALT], Corollary 3.1).

Lemma 3.2. Let u,v € S(R"). Then the following two properties (i) and (ii) are
equivalent to each other,
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(1) / G(u)dx < / G(v)dx, for every Young function G.

(ii) /udxﬁsup{/de:|N|§|M|7 NEM(R”)},
M N
for every set M € M(R").

Theorem 3.2. Let u € W'P(R") NS (R") for some p € [1,+00]. Then for every t €
[0, +00] we have u' € W'P(R") N S, (R") and

[Vull, > V'], (3.19)
Ou ou'

—| > j=1,...,n. 2
‘axi p_ ‘ 8)(?[ p7 L ) ,n (3 0)

Proof. First observe that if p € [1,+00) and if u is good then (3.19) and (3.20) follow
from Corollary 3.1. In the general case we will use various approximation arguments:

(1) Let 1 <p <400 and u € WL” (R"). We choose a sequence of good functions
converging to  in W!7(R"). From the equimeasurability it follows that ', u!, € L7 (R"),
m=1,2,..., and in view of the nonexpansivity, (Remark 2.6 (5)), we infer that 1/, —u'
in L7(R"). Further we have that ||V, ||, < |[Vu,|, by (3.19), i.e. the functions u, are
uniformly bounded. Hence there is a subsequence (u,s)" which converges weakly in
WP (R") to some v € W!7(R"). This means that we have for every function ¢ € C3°(R")
and for every i € {1,...,n}

Op Oy O ) v
— U — — / t— = E— — -
/ Mo /Rn(”’”) o e o YT o™

as m' — 400,

from which we can identify ' as a function in W!”(R") with V' = V. Since the norm
in Wh?(R") is weakly lower semicontinuous, we infer that

IVa'll, < lim inf ||V (e )'[|, < Tm {|Va |, = ||V, (3.21)

Further we have u € [”(R"), i=1,...,n. Therefore an estimate for the partial
derivatives u;[ analogous to (3.21) leads to the inequalities (3.20).
(Note that similar arguments can be found in ([K1], p. 23) and ([BZ], p. 159).)

(2) Let u € W'(R") N S, (R"). We introduce the cut-off functions u,, (¢ > 0), by

ue = (u—c), = max{u — c;0}. (3.22)
Then

{u. >0} < +00 Ve > infu. (3.23)

It follows that u, € W'-P(R") for every p € [1,4o0], and in view of (u.)" = (u"), we infer
that

V@), <IVuell, — Vp€[l,+oo). (3.24)
Because of (3.23) we can pass to the limit p — +o00 in (3.24) to derive

ess sup{|V(u').(x) : x € R"} <ess sup{|Vu.(x) :x € R"} Ve > infu.
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Choosing ¢ — 0 and by taking into account that Vu = 0 a.e. on {u = infu} and Vi’ =0
a.e. on {u' = infu}, (3.19) follows in the case p = +00. Analogous considerations lead to
the inequalities (3.20) in the case p = +o0.

(3) Let u € W&’l (R"). We choose a sequence of Lipschitz continuous functions with
compact support u,, converging to « in WH!(R"). Then we have that u/, —u' in L' (R").

m

Furthermore, since |0ul,/0x||; < ||Oun/0x]|; by (3.20), we see that the functions

m

(Ou!))/(dx;) are uniformly bounded in L' (R"), i = 1,...,n, and for every Young function
G we have
t
/ G oul, (x) dr < / G Oy (x) dr,
" Ox; g Ox;

m=1,2,..., i=1,...,n (3.25)

From Lemma 3.2 we infer that for every set M € M(R")
o, Oum
[[Pb0, g [ et

ml Ox; N

m=12..., i=1
Now assume for a moment that for every i € {1,...,n}

Ox;
15

8x,-

for every sequence {E;} C M(R") with |Ex|]— 0.

From a well known weak compactness principle of sequences in L' (R"), (see e.g. [Alt],
p. 199), we infer that there are subsequences (Ou!,)/(0x;) which converge weakly in
L'(R") to functions v; € L'(R"), respectively, i = 1,...,n. By proceeding as in part (1)
of the proof one obtains then (3.19) and (3.20). Thus it remains to show (3.27).

Suppose that (3.27) is not true for some i € {1,...,n}. In view of (3.26) there is a
number 6 > 0 and sequences {m;} C N and {E;} C M(R") such that |Ey| — 0 as k —

+o00 and
sup{/
N

Therefore we can find a sequence {N,} C M(R") with |[N| < |E|, k= 1,2,..., such that

[ [Pl

dx > 3.29
ox, (3.29)
There are possible two cases:

av: V] < ), N e (e

RN (3.26)

dx:mEN}—>O as k — 400, (3.27)

Oy, ()
ox i

dx: [N| < |E¢|,N € M(R”)} > 6. (3.28)

(a) The sequence {my} is unbounded. We choose a subsequence {k'} with my — +oo as
k' — +o0o. From (3.29) we have that

/ Ou(x) 6

o dx > 1 for k' large enough,
which is impossible since u € W (R").
(b) The sequence {my} is bounded. Then by passing to a subsequence {k'} with my = m
(= const) in (3.29) we derive a contradiction to u,, € WH!(R"). [
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Remark 3.3. There exists a simple alternative proof of Theorem 3.2 by means of an
approximation via convolution-type inequalities (see [B4]). Note that this method of proof
was developped by Baernstein [Ba] for various types of rearrangements. Unfortunately,
this idea seems not applicable in the case of the general inequalities (3.12) and (3.18).

It is easy to obtain an analogue of Theorem 3.2 for functions in the Sobolev spaces
Wy (), (€ open).

COROLLARY 3.2

Let ) be an open set and let u € W(;f(Q) for some p € (1,400). Then for every
t € [0, +00] we have u' € ng(Q’) and (3.19), (3.20) hold.

Proof. Equations (3.19) and (3.20) follow from Theorem 3.2 by extending u and u' by
zero outside €2 and (¥, respectively. Thus it remains to show that u’ € Wé’p Q. If
ue ng(ﬂ) it follows by Remark 2.6 (8) that u’ € C(O);:(Q’). In the general case we
choose a sequence u, of functions in C} (€2) which converges to u in W, (). Then
()" — u' in L7(€'). By (3.19) the functions (u,,)" are equibounded in W,”(€'). There-
fore there is a function v € W, (€) and a subsequence (u,/)' which converges to v
weakly in Wol’p(Q’). This means that for every ¢ € C°(€Y') and for every i € {1,...,n}

Oty
/(pvx,.dx<— © (1) dx:—/ @xi(umr)’dx—>—/ oy u'dx
Of QO ax; QOf QO

as m' — 400,

that is v = u'. The corollary is proved. [ |

The following property is useful for approximations of the symmetrized functions. It
can be proved by arguing as in part (1) of the proof of Theorem 3.2.

Lemma 3.3. Let u,u,, € Wi’p([R{"), m=1,2,..., for some p € (1,400) and

Uy — U in WhP(R") as m — +00. (3.30)
Then for every t € [0, +o0]

u, — u' weakly in WP (R") as m — —+00. (3.31)
Open problem 3.1. Let u, u,, be as in Lemma 3.3. Is it then true that for every ¢ € [0, +00]

u—u' in WP(RY) asm— +o0? (3.32)

This conjecture was shown in the case t = +oo (i.e. for the Steiner symmetrization) by
Burchard [Bu] (see also [C] for an earlier proof in the particular case that n = 1 and
t = +00).

It is worth to mention that, if n > 2, then a conclusion analogous to (3.32) does not
hold for the Schwarz symmetrizations of u,u,,, m = 1,2,..., (see [AL]).

It is possible to extend Corollary 3.1 to Sobolev functions.

COROLLARY 3.3

Let Q) be an open set with Q) = Q" and let u € Wé;p(Q)for some p € [1,400). Further let
G,a,a; i,j=1,...,n—1, be as in Corollary 3.1, and suppose that for some numbers
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C>c>0
n—1 —1
c<a(x,v) <C, cZ Z (x v§,§]<CZ§2
i=1 ij
V(€. 1) € R and Y(x,v,2) € R" x (RY)*. (3.33)

Finally suppose that

Cz? if |92 =
G, 0,2) <4 i1 . (3.34)
C(z+2zP) if |9 < 400
Then (3.18) holds.
Proof. We choose a sequence of good functions {u,,} such that
Up—>u in WHP(Q) and
Um— U a.e. in Q. (3.35)
Vu,— Vu

Let J(u) denote the integral functional on the left-hand side of (3.18). By (3.33) we have

» {cnwmg if |0 = +o0

. , (336)
CUITunl, + [ Funll) it |02 < o0

and the same inequality holds for u,, replaced by u. In view of (3.34), (3.35) we can apply
Lebesgue’s convergence theorem to infer that lim,,— o J (u) = J(u).

Let ¢ € [0, 400]. Since the functions (u,,)" are equibounded in W'#(£2) we can choose
a subsequence {(u,s)'} which converges to u’ weakly in W'”(Q). In view of the weak
lower semicontinuity of the functional J this finally gives

J(") < liminf J((u,)") < lim  J(uy) = J(u). [
m' —+00 m' —+00

Remark 3.4. (1) The inequalities (3.19) find their analogy in inequalities for the norm in
the space of functions with bounded variation in R" (see [B4]). A consequence of this is
that the perimeter of Caccioppoli sets decreases under continuous symmetrization. (2)
With regard to some ‘nice’ properties of the continuous symmetrization — and in
particular to the basic fact that the Lipschitz continuity of functions is preserved under
continuous rearrangement — our restriction to the Sobolev spaces W!”(R") is not
forcible. The general Dirichlet-type inequality (3.18), for instance, is also satisfied for
functions lying in a suitable Orlicz space.

4. Continuity in ¢

In this section we are interested in continuity properties of the mapping

t—u'

in the spaces I7(R"), W'?(R"), 1 <p < +oo, and BV(R").
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Lemma 4.1. Let u € L' (R") for some p € [1,+00) and let {t,} be a nonnegative
sequence converging to some number t € [0,+0c]. Then

um—u' in P(R") asm — +oo. (4.1)

Proof. The proof is in two steps:

(1) Let u be a step function of the following form,

where M1 D -+ D My, M e M(R"),i=1,...,k, €>0.
Then

k
i =3 (M), M—egk M), m=12,.
i=1

In view of (2.14) we have

k

= e [Xotoe - o)

‘ | utm _

p

k
Z IM"AM!|—0  as m — +oo.
P

(2) Let u € L' (R") and £ > 0. We choose a sequence of step functions {u;} which
converges to u in L(R"). We may take k large enough such that [|ux — ul|, < ¢/3 and
then m large enough to ensure that Hu‘ n | — ||, < &/3. In view of the nonexpanswlty
(2.35) we derive

I e e A e e

4
< 2 — ull, + [l — well, < e,

and the assertion follows. [ |

Lemma 4.2. Let u € I?(R") and u # u*. Then there are constants ¢ > 0 and ty > 0 such
that:

| —ull, >ct  Vte0,1). (4.3)
Proof. By Lemma 4.1 we can find numbers #y > 0 and 6 > 0 such that [[u' —ul|, > ¢

Yt € [to, +oo]. If £ € [0, 2] we find some number N € N satisfying 7y < Nt < 2¢;. Then
by the nonexpansivity we derive

e — ul], < Z D — |, < N~ ul],,
which means that

6 6
o =l > 5> 50 m
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Theorem 4.1. Continuity from the right of the mapping t——u': Let t, \, 0 and
u € WYP(R") for some p € [1,+00). Then

u" —su in WP (R") as m — +00. (4.4)

Proof. Let i€ {1,...,n}. We split into two cases:

(1) p > 1. From Theorem 3.2 we infer that the sequence |
ing and

Im
u v

, is monotonically increas-

Tim (el < [l (45)

Furthermore, the sequence {u'} converges to u in L”(R") by Lemma 4.1. It follows that
for every ¢ € C3°(R")

Ou'
_/ ¥ . dx = utm(Pxi dxr — upydx = _/ puy,dx,
n 8}(:[‘ R R" R"
that is
Oum 0
au — a_u weakly in I7(R") as m — +oo. (4.6)
Xi Xi

Since the spaces L (R") are uniformly convex if 1 < p < + 00, (4.5) and (4.6) imply that
Ou' ou
o° o
6)6,‘ 8x,~
(2) p = 1. Asiin part (1) we can derive (4.5) and (4.6). We set v,, := (u™), and v:= ('), .

Since the function G(z) := v/1 +22 — 1 is continuous and convex with G(z) < z we
conclude from Corollary 3.4 and the weak lower semi-continuity of the integral that

lim [ (4/1+v,—1dx= [ (V142> —1)dx.
Rﬂ R)X

strongly in L (R"), i=1,...,n

m—o0

Further we obtain by Taylor’s theorem

/n(m— 1)dx > /n(\/l-i-—iﬂ—l)dx—k/nﬁ(vm—v)dx

1 (om — )
+§/n 2. 02 3/2dx.
R (1 + max{v?; v2})

By passing to the limit m — +o0 this leads to

(Um - U)2

lim 37 dx = 0.
m=o Jrr (1 + max{v?; v, )‘/
In particular this means that
lim |vm —ovjdx=0  Vk >0. (4.7)

1700 J{um vl<k}

Since v,, — v weakly in L”(R") we have also

lim |y |dx =0 uniformly Vm € N. (4.8)
K400 o[>k}
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Now the assertion follows easily from (4.7), (4.8) and from the inequalities

lom — o], g/ |vm—v|dx+2/ |vm|dx+2/ o]
{|Vm]s 0] <k} {|vm|>k} {lv[>k}

Vk > 0. [ |

Remark 4.1. Simple examples of piecewise linear functions show that Theorem 4.1 does
not hold in the case p = +oc.

Open problem 4.1. It would be interesting to find out whether the mapping
t—u'

is also continuous from the left in WJIF"‘" (R, 1 <p < +oo.
Next we want to estimate [|u’ — u||, from above for functions in Sobolev spaces.

Lemma 4.3. Let u be a good function. Then the limit function
1
U(x) := lim— (¢ (x) — u(x)) (4.9)

exists a.e. Moreover if u is differentiable in (x',y;), i = 1,2, and

yi <y2, u(¥,y)=ul,y) <ul.z)  Vze (), (4.10)
then
/ it w»m / .
UX,y:) = 5 uy(x', i), i=1,2. (4.11)

Proof. For almost every x' = (x,y;) with u,(x') > 0 we can find a point x* = (', y,)
such that u,(x?) < 0 and such that (4.10) is satisfied. We fix two points x! and x? with
these properties. Let y; = y;(x’, u) be the local inverse function of u in the neighborhood
of xi,i=1,2, respectively. Then for small enough ¢ > 0, the function u' can be
represented by corresponding local inverse functions y: = yi(x',u), i = 1,2, which are
given by the formulas (2.10). In other words, we have for small ¢ > 0,

u' (XY u) =ulxX,y), i=1,2.

Differentiating this we obtain, using (2.10),

8 t(\/ i 8 t /7 ; 8 [
LGS I TG N R TR N S S S
o | ady ot|,_o 2
Reversely, for almost every x> = (', y) with u,(x*) < 0 we can find a point x' = (x',y;)
such that u, (xl) > 0 and such that (4.10) is satisfied, and we conclude as before. [ ]
Theorem 4.2. Let u € W,"(Bg) for some p € [1,+00] and R > 0. Then
| —ull, < tRluyll,  Vre€l[0,+00]. (4.12)

Proof. Let u be Lipschitz continuous and let xo = (x;,yo) € Bg. We set

up(y) :== max{0;u(xo) — [luyl[ o[y —yol} ~ and
ur(y) = max{0; min{u(xo) + [luy| |y = yol; lluyllocR—1¥D)}} ¥y eR.
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Clearly we have u; (y) < u(xo) < up(y) and u; (y) < u(xf,y) < ua(y) ¥y € R. Let u; denote
the (one-dimensional !) continuous symmetrization of the function u;, i = 1,2, respec-
tively. We obtain by monotonicity

w(v) Sulxo) Suy(y) and uj(y) <u'(xg,y) Sur(y) WyeR  (413)
Furthermore, a simple computation shows that
max{u(xo) — u; (vo); u3(yo) — u(xo)} < tRl[uy |-

Together with (4.13) this yields |u'(xo) — u(xo)| < tR||uy|| o, which proves (4.12) in the
case p = +o0.

Next let 1 < p < 4-o00. First assume that u is a good function. From (4.11) we obtain
|U(x)| < R|uy(x)| for a.e. x € Bg. After an integration over By this yields

1Ul, < Rfluyll, (4.14)
The functions (1/¢)(u' — u) are equibounded in L>°(Bg) by (4.12) and converge to U a.e.
in Bg. By applying Lebesgue’s convergence theorem we infer that

u' —u

— U in LP(Bg) as t — 0. (4.15)

Further we derive from the nonexpansivity
N-1
| —ul|, < Z [l DN uk’/NHp < N|ju/N — ull, VYN € N.
k=0

By passing to the limit N — + oo, this yields [|u’ —ul|, < t[|U]|, in view of (4.15). Now
the assertion follows from (4.14).

In the general case we choose a sequence {u,,} of good functions converging to u in
W1r(Bg) and compute

Hut - qug tRH(um)y||p+||um - M||p+||uin - Mt”p—)tR”u)'Hp asm — +OO
The theorem is proved. |

Now we prove an analogue of Lemma 4.1 for functions in C(R") NS, (R"). Note that
Lemma 4.5 below generalizes a part of Theorem 7 in [B2].

Lemma 4.4. Let u € C(R") NS (R") and t,{t,} as in Lemma 4.1. Then

lu" —u'||,—0  asm — +oo. (4.16)

Proof. If u € Cgi (Bg) for some R > 0, we obtain from Theorem 4.2 and (4.12) the
estimate ||u™ —u'|| . <R |t —t]||uy||.- In the general case let € > 0. We choose a
nonnegative Lipschitz function v with compact support such that |ju — v||, < €/3. By
setting R := diam (supp v) we find some my € N such that |z, — 1] < 5(3R||vy\|oo)71
Vm > my. By the nonexpansivity we have for every m > my

' =l <l = vl + |

< 2fju = vl + o =l <&

G N T [

The lemma is proved. [ |
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Formula (4.11) shows that the difference |u’(x) — u(x)| is proportional to |x|. Therefore
it is not easy to derive estimates like Theorem 4.2 for functions which do not have
bounded support. However this is possible if u satisfies some decaying properties near
infinity. We study a typical situation.

Theorem 4.3. Let u € W'P(R") NS, (R") for some p € [1,+00]. Let ¢ : RT—R" be
continuous and decreasing, and suppose that o satisfies

400
/ rP) =L o(r)dr < + 0. (4.17)
0
Further suppose that u satisfies (o € (0,1),R,d > 0)
u(x) = o(R/cv) if x| <R (4.18)
and
ﬂMMOSM@S@WD}-
_ if |x| > R. 4.19
Vulo) < dif To(ll) § THE (+19)
Then there is some constant C > 0, depending only on ¢, o, R, d and |u, » such that
l|lu" — ull, < Ct vt € [0, +o0]. (4.20)

Furthermore, (4.18) and the first inequality in (4.19) remain valid for u replaced by u' for
every t € [0, 400].

Proof. Let t € [0,+00]. The idea of the proof consists in combining the formulas (4.12)
and (4.19) with a ‘layer cake’ argument.
We introduce the functions
up := max{u — ¢(R);0} and
©(27'R) — p(2'R) if u > p(2"'R)

uj = u—@(2'R) if 9(2R) <u<@(27'R), i=1,2,....
0 if u<p(2'R)
We have
+00
U= Z u;, (4.21)
i=0
and in view of Definition 2.4
+00
W= ()" (4.22)
i=0

From the assumptions we see that supp g C Bg. By applying Theorem 4.2 this leads to

81/{0
) wol, < 8]

< iR|lu |- (4.23)
P

Further, if i € N, we see from (4.19) that supp u; C Bz and Vu;(x) = 0 in By 1,z. By
using (4.12) and (4.18) again we obtain
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o 4
()’ = wll, < ¢ 2'R|| S| < 12| Vi |supp| Ve[ 7
Jy »
< 12'Rd(27 aR) " (27 aR) (wn) P (2'R)" — (2 aR)")'?
< t(wy)Pda " (2R)Pp(2 aR) = 1 C;. (4.24)

In view of (4.17) we derive easily
+00
> Ci < +oo. (4.25)
i=1

Finally, by using (4.21)-(4.25) we obtain
+00 +00
t —
' —ull, <> Nw) —wll, <t| Rlluyll, +>_Ci | =1C,
i=0 i=1
and (4.20) follows. Now set

o(|x|/a) if x| > R
#1) '_{We/a) if x| <R and

e(lxl) if x| > R
Pa(x) == . .
+oo if x] <R

We have ¢ < u < ¢, by (4.18), (4.19), and clearly ¢; = (;)%, i = 1,2. By the mono-
tonicity of continuous symmetrization this means that ¢; = (¢;)" < u' < (¢2)' = @2
Vt € [0, +o0], which proves the second assertion of the lemma. [ |

Remark 4.2. Tt is easy to verify that the function u in the cases (1) and (2) below satisfies
the assumptions of Theorem 4.4 (R > 1,6,¢1,¢2,¢3,7,A > 0,0,7 € R).

DHue Wj_’p(R") for some p € [1,+0o0] and u satisfies

u(x) >6 if x| <R (4.26)
and one of the following conditions (i) or (ii)
(i) 7> (n/p) (4.27)
and

cilx| "(log |x]) 77 < ulx) < calx] 7 (log |x|) 7
(M og )™ < ue) S eabd Mlloghe)™
[Vu(x)| < eslx| 7" (log |x[))

3y cre " < ux) < e
(ii) if |x| > R. (4.28)
|Vu(x)| < cze x|
) ue Wh(R") NS (R"), 0 > 0 and u satisfies (4.26) and
(og(er ) * < u(x) < (og(eah)) * fhen )
V()| < eslx[ " (log(ealx]) ™" T .
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5. More estimates

In this section we intend to show estimates of the form

1
liminf—/f(x7 u)(u' — u)dx > 0, ue wit(Q), (5.1)
[ANY] t Jo

for suitable functions f and domains €2 in R". At this stage it is worth to sketch a proof of
(5.1) in a special case.

Let f = f(u) be continuous and F(u) = [ f(v)dv, and let Q be a bounded domain with
Q= Q*. The equimeasurability of u and u' yields [F(u) = [F(u'). Furthermore,
f(u) (u' —u) represents the first summand in the (formal) Taylor expansion of the difference
F(u') — F(u) into powers of (u' — u). Heuristically this means that [ f(u)(u' — u) is small
in [[u’ — ul|,. Applying Lemma 4.2 and Theorem 4.2 this finally gives

/Qf(u)(u’ —u)dx=o(r) as1\,0.

The next Theorem 5.1 can be seen in a certain sense as a generalization of the Hardy-
Littlewood inequality (2.36).

Theorem 5.1. Let ) be an open set with Q = Q*. Let u € L' (R") for some p € [1,+00),
and suppose that u vanishes outside ). Furthermore, let F = F(x,v) measurable on
Q x [0, sup u], continuous in v and satisfies

F(x,0)=0 Vx €,
|F(x,v)| <A(x)B(x',v) V(x,v) € Q x [0, supu], (5.2)

where B(X', v) is nonnegative, measurable in x' and nondecreasing and continuous in v, and
A € LY@, B u() € L'*(@)

for some « € [0, 1].
Finally, suppose that for every s > 0 the function

ws(x,v) :=F(x,v+s) — F(x, v) (5.3)

is symmetrically nonincreasing in y. Then

/Q Flx, u)dx < / Flx, u)dx. (5.4)

Q

Remark 5.1. If F is differentiable in v, then the condition (5.3) means that (OF /0v)(x, v)
is symmetrically nonincreasing in y.

Proof of Theorem 5.1. The proof is in two steps:

(1) First assume that u is a step function of the form (4.2). We compute
k
/ Flude =3 / (F(x, i) — F(x, (i — 1)))dx and
Q i=1 JM;

/Q Fx, u')dx — ; /M (i) = Pl = 1) (5.5)
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Note that the integrals on the right-hand sides in (5.5) converge by (5.2). By (5.3) the
functions ;(x) := F(x,ei) — F(x,e(i — 1)) are symmetrically nonincreasing in y. We
claim that

/Migoi(x)dxg/ oi)dy, i=1,.. k. (5.6)

M

i

To this end it is sufficient to prove that

/ oi(x',y)dy S/ oi(*',y)dy for a.e. ¥ € R"!,
Mi(x') (Mi(x'))!
i=1,...k (5.7)

We fix ¥ € R" " and i € {1,...,k} such that both integrals in (5.7) converge. Assume
first that o(y) := @;(¥',y) is a step function of the form

¢=6(c+§jmwﬂ, (53)

wherel\/jEM(R),]\Jj:]\f;,j: I,...., NND---DN, C>0,6>0.
By the monotonicity (2.13) we have that

1
/M( , @(y)dy = 5<—C|Mi(X’)| + Z |M;(x') ﬁNfl)
1
< 5<—CI(Mi(x’))’| + Z |(M;(x))' ﬂN;I)

= / @(y)dy.
(M, ()’

A general ¢ can be approximated in L(R) by step functions of the form (5.8). This
proves (5.7) and thus (5.6) is established. Now in view of (5.5) we obtain (5.4).

(2) Next let u € L7(Q2). In view of (5.2) both integrals in (5.4) converge. We can choose
an increasing sequence of step functions {u,, } of the form (4.2) which converges to u in
[7(Q). Then we have by (5.2)

|F(x, tm (X))] < AQ)B', t (x)) < AX)B', u(x)) =: f(x),
|F(x, 1, (0))] < A()B(x', 4, (x)) < A)B(', u'(x)) =: g(x)  Vx€Q
and f,g € L'(Q). (5.9)

By Lemma 4.1 we can choose a subsequence {u,,} such that

Uy (x) — u(x)

ey (1) — 1 (x)

for a.e. x € Q. (5.10)

In view of (5.9) and (5.10) and since F(x,v) is continuous in v, (5.4) follows by
Lebesgue’s convergence theorem. [ ]

Theorem 5.2. Let ) be an open set with Q = Q*. Let u € L' (R") for some p € [1, +00)
and suppose that u vanishes outside ) and satisfies (4.20). Furthermore, suppose that
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f=f(x,v) is measurable on Q) x [0,supu], symmetrically nonincreasing in y and
(P! +q'=1)
If (x,v)| < a(x)b(x', v) V(x,v) € Q x [0, supu], (5.11)

where b(x', v) is nonnegative, measurable in X' and nondecreasing and right-continuous
in v, and

a € 1Y), b(,u()) € L7(Q)
Sor some 8 € [0, 1]. Finally, assume that u,f satisfy one of the conditions (1)—(iv):

(1) f(x,v) is nonincreasing in v;
(i) f(x,v) satisfies a Holder condition in v with exponent X € [1 — p~', 1], uniformly for
every x € ), and u € L’\‘i(Q);
(iii) f(x,v) is continuous in v and bounded;
(v) f(x,v) = h(x)k(x', v), where h € Li/(]_‘”q)(Q), h is symmetrically nonincreasing in y,
k(x',v) is nonnegative, measurable in x' and nondecreasing in v and k(-,u(-)) €
L‘I/ﬁ(Q)'

Then (5.1) holds, and in case (i) we have

/f(x7 u)(u' —u)dx >0 vt € [0, +0o0]. (5.12)
0

Proof. We set

F(x,v) = /va(x, wydw  V(x,v) € Q x [0, supul. (5.13)
Since

|F(x,v)| < a(x) /Ovb(x’,w)dw <a(x)vb(X',v)  V(x,v) € Qx [0,supul,
we see that F satisfies the assumptions of Theorem 5.1. Thus we derive

0< /Q(F(x, u) — F(x,u))dx = /01 /Qf(x,u +0(u" — u))(u' — u)dxdo.
This means that

/f()c7 u)(u' — u)dx > /1 /(f(x, u) — floe,u+ 0" —u)))(u — u)dxdo

Q ) Io(t) Q

(5.14)

Note that in view of the assumptions on f the integral /() converges. Now in case (i) we
immediately derive (5.12) from (5.14).
Furthermore, we obtain by Holder’s inequality and by (4.20)

1
(O] <l - MH,,/O 1 Cou+ 0 —w) —f(,u)ll,, 46

<t [+ 06 =) =) 00 (515)
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In view of (5.14) and (5.15) it suffices to prove that
1
/ 1£Cou+ 00 — ) —F(,u)], 40— 0 ast—0. (5.16)
0

In the case (ii) we obtain
£ Cou+ 0" — ) = Fw)[[2 < Cllu' = ully?,

and (5.16) follows.
Next consider case (iii), and assume that (5.16) is not true. Then there is a sequence
tm "\, 0 such that

1
AIV@M+9WM*W)<H»@MM25 (5.17)

for some § > 0. By passing to a subsequence {t,,} we can achieve that u" (x) — u(x)
a.e. in Q as m’ — +o0. This yields

S, u(x) + 0@ (x) —u(x))) — f(x,u(x)) a.e. in Q,
as m’ — 400, 0 €0,1]. (5.18)

If Q is bounded, then by Lebesgue’s convergence theorem (5.17) immediately yields a
contradiction. If €2 is unbounded, then we derive by Lebesgue’s theorem

I
/ [fCou+ 0@ —u) = (- u)ll, jorpgd0 — 0 asm’ — oo VR>O0.
0
(5.19)

Furthermore, from the Hardy-Littlewood inequality (2.36) we have for every R > 0

”b(a ())”37; QNBg| /Ob(-xlvu)q/SXBkdxg/Qb(xlvur)q/ﬁxlgkdx
3
= [6C,u O gy 1 E [0,400],

Together with the assumptions (5.11) this yields

1
A|U6u+ﬂw—uﬁ—ﬂwwmmmﬂ9

< llallgya-p) o8 (B C w (D4 .10086) + 10C uC) 0084)
< 2[lally/1-p) 810G D)4/ 5,008
—0 as R — oo, uniformly Vm' € N. (5.20)

Now (5.20) together with (5.19) contradict to (5.16). Finally, in the case (iv) we have
k(-,u(-)) € L9%(Q) and from Definition 2.4 we infer

k(o u' () = (k( u()))"-
By using Lemma 4.1 this yields

1
s 00 =) = 1,00



Symmetry of solutions 191

1
< Al /1-p) /0 ([k(-u+ 0" — u)) — k(- u)l,/5d0
< Hth/(lfﬁ)H(k('vu))t —k(,u)ll,5—0  ast—0.

The Theorem is proved. [ |

Remark 5.2. (1) The conditions (5.2) and (5.11) ensure in essence the applicability of
Lebesgue’s convergence theorem in the proofs, and we may replace these conditions by
similar other ones. (2) Note that, if « is bounded in Theorem 5.2, then (ii) is a special case
of (iii) by (5.11). Thus the case (ii) is meaningful only for unbounded functions u.

The proof of Theorem 5.2 is based on an estimate for the function u of the form (4.20). If
2 = R", then such an estimate can be ensured if u € Wi”’ (R") and if u has some decaying
properties near infinity (see Theorem 4.4 and Remark 4.2). On the other hand, these
estimates could be rather restrictive for some applications. Fortunately under an additional
(weak) assumption on f(x, v) we can bypass any strong decaying requirement for u.

Lemma 5.1. Let u € W,”(R") N C(R") for some p € [1,+00], let u> 0 in R" and
u(x)—0 as |x| — +oo. (5.21)

Furthermore, let f together with u satisfy the assumptions of Theorem 5.2 with () replaced
by R" and, in addition, suppose that for some numbers R,6 > 0

f(x,v) is nonincreasing in v for 0 < v < 6 and |x| > R. (5.22)

Then the conclusions of Theorem 5.2 hold.

Proof. We proceed similarly as in the previous proof. First we obtain (5.14) with 2 = R".
If f(x,v) is nonincreasing in v, then we can argue exactly as before. In the remaining
cases (ii)—(iv) we choose Ry large enough and Ry > R such that u < ¢ in R" \ Bg,. Then it
follows by monotonicity that u' < § in R" \ Bg, for every ¢ € [0, +o0c]. Thus we have

1
I(t) > /0 i (f (e, u) — fx,u+ 0" —u))(uf —u)dxdd =: I,(z). (5.23)

We choose € > 0 small enough such that u > € in Bg,. Again we have u’ > ¢ in Bg, for
every t € [0, +o00] by monotonicity. By setting u. := max{u; e}, we see that

u=u., u' = (u) inBg, Vte€][0,+o0]. (5.24)

In view of (5.21) (u. —¢) has bounded support, ie. (u. —¢)€ Wéf(BRl) for some
R > Roy. An application of Theorem 4.2 to u. yields

(o) = uell, < Ry (| (ue), M, < Ry Jluyll, V2 € [0, +00]. (5.25)

Now by using (5.23)—(5.25) we compute finally
1
I0()] < [l — ull, 5, / G+ 00— 1)) = £ o0 5, 40

1
=) =l [ 00 = 0) =), 28
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< [I(ue)" - usllp/() 1FCoue +0((ue)" — ue)) = f () , 40

1
<Rl [ 7o+ O(() = ) )0,
0
and the assertions follow by proceeding as in the previous proof. [ ]

For some applications it will be useful to have an estimate like (5.1) with the function f
replaced by any element of the (set-valued) maximal monotone graph f (x,v) of f with
respect to v (compare Remark 7.1(4)). f is defined by

flx,v) == ligln iglff(x, v+ h),limsupf(x,v+h)| VY(x,v) € Q x [0,sup].
- h—0

(5.26)
Note that, if F is defined by (5.13), then we can write alternatively
f(x,v) = 9,F(x,v),
where 0, F is the set-valued differential of F(x, v) with respect to v,

F h)—F F W —F
0,F(x,v) = |liminf L0 EM ZF60) G F vt = Flxv)
h—0 h h—0 h

V(x,v) € Q x [0,supu]. (5.27)

COROLLARY 5.1
The conclusions of Theorem 5.2 and Lemma 5.1 hold if the function f(-,u(-)) in (5.1) is
replaced by any function g with g(-) € f(-,u(-)).

Proof. From (5.11) we obtain that |g(x)| < a(x)b(x',u(x)) Vx € Q, which means that
g € L1(€2). This ensures the convergence of the integral [, g(x)(u' — u)dx. Obviously,
there is nothing to prove if f(x, v) is continuous in v. In the remaining cases we proceed
as in the proof of Theorem 5.2 to infer that

/Q £t — u)dx > / / (8(x) — FOx,u+ 60 — u))) (' — w)dedd
— L(1) (5.28)

If f(x, v) is nonincreasing v, then we have
(8(x) = f (3, u(x) + O(u (x) — u(x)))) (u' (x) = u(x)) 20 VxeQ, 6€0,1].
Together with (5.28) this leads to

/ g(x)(u' —u)dx >0 vt € [0, +0o0]. (5.29)
Q

Furthermore, if f(x, z) is nondecreasing in z, then

|8(x) = (x, ux) + 0(u' (x) — u(x))) || (x) — u(x)|
S G (x) = fOnu@)|lu' (x) —u(x)]  vxeQ, 6€[0,1].
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In view of (5.28) we infer that

L] < [lu' = ull [L£Cu) = fC )l
Then the assertion follows by proceeding as in the proof of Theorem 5.2. [ |
Remark 5.3. The reader verifies easily that Theorem 5.2, Lemma 5.1 and Corollary 5.1

hold true if the function f can be decomposed into a finite sum Zle f; where each of the
functions f;, i = 1,...,k, satisfies at least one of the conditions (i)—(iv) of Theorem 5.2.

6. Local symmetry

In this section we study functions satisfying the ‘local’ symmetry property (LS) from the
Introduction and the relation to continuous symmetrization.

DEFINITION 6.1 (Local symmetry)

Let u € S (R") and continuously differentiable on {x : 0 < u(x) < supu}, and suppose
that this last set is open. Further, suppose that u has the following property. If x! =
(x5, y1) € R" with

0 < u(x") < supu, @(xl) > 0, (6.1)

dy

and x? is the (unique!) point satisfying

X =(x,y2), y2>y1, ulx) =u(x®) <u(xy,y) VyeE(iy), (62)

then
ou, . Ou, , . B
a—Xi(x)fa—xi(x), i=1,....n—1, and
Ou, .  Ou, ,
) =~ ). (63)

Then u is called locally symmetric in the direction y.

Remark 6.1. Geometrical meaning of local symmetry: (1) The condition u € S (R")N
C'({0 < u < supu}) is satisfied in the following typical cases (a) and (b).

(@) ue CL(R") and lim_ u(x) = 0.

(b) There are two bounded open sets {2 C Ri’, i=0,1, with QyCCQy, ueC
(Rn\Qo) ﬂC1(91 \Qo), 0 <u<supu in Q \Qo, u=0in R"\Ql, u=supu in Qo
and

u(x)—s supu if x — 9, x¢€Q\ Q.

Note that we did not exclude sup u = +oo in case (b). (2) Let u, x!, x> be as in Definition
6.1 and let U; be the maximal connected component of {0 < u < supu} N {u, > 0}
containing x'. Since u € C'({0 < u < supu}) we have that for every (¥,y) € Uj

u(@,y) =ul@,y1 +y2 —y) <u(x,z) Vze v,y +y2—y). (6.4)

The condition (6.4) says that U; finds a congruent counterpart after reflection about
some hyperplane {y = const}. Repeating this consideration for arbitrary components of
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Figure 4.

0<u<supu}Niu, >0} we infer the decomposition
{ p y p

m

{0 <u<supu} = JWiuuh)Js. (6.5)
k=1

Here U¥ is some maximal connected component of {0 < u < supu} N {u, > 0}, UX is its
reflection about some hyperplane {y = di}, di € R, and we have

uy=0  inS, (6.6)
and for every (¥,y) € U,

u(x',y)=u(x',2dy —y)<u(x',z) Vze(y,2dy—y), k=1,....m. (6.7)

Note that all the sets on the right-hand side of (6.5) are disjoint and there can be a
countable number of U’l"s, i.e. m = +oo.
In many applications we need an ‘isotropic’ variant of local symmetry.

DEFINITION 6.2

Let u be as in Definition 6.1. u is called locally symmetric in every direction if for every
rotation of the cartesian coordinate system x+—— & = (£,7), £ € R™!, n € R, the
function v(§) := u(x) is locally symmetric with respect to 7).

Surprisingly it can be proved that functions which are locally symmetric in every
direction are ‘locally’ radially symmetric (see figure 5).

Theorem 6.1. Let u be locally symmetric in every direction. Then we have the following
decomposition,

{0 <u<supu}= LmJAk LJS7 (6.3)
=1
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Figure 5.

where the Ai’s are pairwise disjoint annuli Bg,(zx) \ By, (zx) with Ry > 1y >0, z €
{0 < u < supu}, u is radially symmetric in Ay, and more precisely,

Ou
u=u(|x —zl),z= <0 inAy, 6.9
(v =3 k (69)

(p=I|x—zl), and
u(x) > u‘(?b’,k(zk) Vx € By, (Zk)7
1 <k<m. (6.10)
Furthermore, we have
Vu=0 in S, (6.11)

and there can be a countable number of annuli, i.e. m = +oo. Finally, if {u > 0} is
unbounded, then the case Ry = +o0 is possible.

Proof. We use the notations of Definition 6.1. Let x!, x> be two points which satisfy (6.1),
(6.2), let U; be the connected component of {0 < u < supu} N {x : u,(x) > 0} contain-
ing x! and suppose that X is some point in U; with u(x') = u(x). By a suitable rotation of
the coordinate system x+——¢& = (£,7), & € R""!,n € R, about the point x> we can
achieve that the ray connecting X and x? points into the positive n-direction, i.e. X — &' =
(&, m) and x* — & = (&), 7). We set v(€) := u(x). It is easy to see that, if the distance
|x! — x| is small enough (say |x! —X| < ¢), then v, (¢') > 0 and v(¢') = v(&?) < v(&),n)
Vn € (m,n2). By the assumptions this means that

v a0V g
&) =—g,&)>0  and
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v _81)
) = g

From a simple computation follows that the set

() &), i=1,...,n—L

Dy :=Un{x:jx—x'|<e and u(x) =u(x")}
is an open subset of some sphere {x: |[x —z| = p1}, z€ Q, p; >0, and

0 0

a—; (x) = 8—; (x!) <0 VxeTy, (p:radial distance from z).
Let I'; denote the maximal connected component of the set

ou
D lx—zl=prand —(x) <0,

{rs b=d = ana $ <o}
containing the point x'. Then, proceeding as before, we obtain that I is relatively open in
{x:|x—z|=p1} and

Ou ou , A

—(x) =+ vx € I'y.

W =giw) el
This means that I'; is relatively closed in {x : |x — z| = p;}. Thus we have

I = {x:|x=2zl=pm}

We can repeat these arguments for all points of U;. Since u € C'({0 < u < supu}) we
infer that u is radially symmetric in Bg(z) \ B,(z) for some R > r >0 and (Ou/0p)
(x) < 0 Vx € Br(2) \ B+(2). Note that, if {u > 0} is unbounded, then possibly R = +oc.
The Theorem is proved. [ |

Next we give a purely analytic description of local symmetry in terms of continuous
symmetrization.

Theorem 6.2. Let () be an open set with Q = Q* and u € Wéf(Q)for some p €1, +00).
Further, let G be a strictly convex Young function satisfying (3.43). Finally, let u be
continuously differentiable on {x : 0 < u(x) < supu} and suppose that this last set is
open. Then, if

}im1</w G(|Vu|)dx—/Rn G(|Vu’|)dx> =0, (6.12)

O 7

u is locally symmetric in direction y.

Proof. Let x', x? satisfy (6.1) and (6.2) and let U; be as in Remark 6.1. We have
uy(x*) < 0. First assume that u,(x*) < 0. There are small neighbourhoods W;, W, of the
points x! and x?, respectively, such that u, > 0 in W and u, < 0 in W. Let y; = y;(x', u),
i = 1,2, denote the corresponding inverse functions which exist for every (x’, u) lying in a
small neighbourhood V of the point (xj,u(x),y1)). Then the function #' can be repre-
sented by corresponding inverse functions yi, i = 1,2, according to the formulas (2.10)
for sufficiently small values 7 > 0, say 0 < ¢ < f. Let G;(¢) denote the images of V in the
(¥, y)-domain after the mappings (', u) — (X', ¥'(x', u)), i = 1,2. Note that G,(0) C W,
and Gz(O) C W,.
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We approximate u by good functions which coincide with u in the domains G;(0),
i = 1,2. By proceeding as in the proof of Theorem 3.1 we infer that

/ G(|Vul)dx z/ G(| Vi |)dx (6.13)
O\(G1(0)UG1(0)) O\(G1 (UG (1))

and

() == / G(|Vu'|)dx
G (H)UG, (1)

2 =L /gyt 2) 172 dy —1 By
= G|l<1 k —k —Zkldx'd
2 { +i_zl(8xi)} | )[3elecan
vt € (0,1). (6.14)

We introduce the parameter A := (1/2)(1 —e™), ¢ € [0, +o0], and set (\) := (). By
setting (1 — A) := (X)) VA € [0, (1/2)], we formally extend the definition of ¢ (\) for
all A € [0, 1]. Assume for a moment that 1)(0) > 1)(1/2). Since () is convex we obtain
that lim~ o(I(¢) — 1(0))/t < 0. In view of (6.13) and (6.14) this contradicts to (6.12). Thus
we have 1(0) = ¢(1/2). Since G is strictly convex we infer from this that y ,, = y2,,
i=1,...,n—1, and y;, = —y,, almost everywhere in V. This means that (6.4) is
satisfied throughout the domain Gj(0).

Next let us assume that u,(x?) = 0. Since u,(x') > 0, the implicit function theorem
tells us that the problem

u(xy,y) = ulxg, ) +¢, (x5, € Gi1(0),

has a unique solution y =y if € is positive and small enough, say ¢ € (0,&). For
€€(0,¢0) let y5 denote the (unique!) number satisfying y5 < y5 and u(xg, y7) = u(x),y5) <
u(xy,y) ¥y € (05,5). Since u is differentiable we can choose a sequence ¢, \, 0 such
that u,(x(,y5") < 0. Then from the earlier considerations follows that u,(x,y]") =
—uy(xp, ¥5"). Clearly we have lim,,_ y;" = y;, i = 1,2. Since u € C'({0 < u < supu})

this yields
: /
n}g{}o uy(Xg, ¥3") = —uy(xg,y1) <0,

a contradiction. Thus the condition (6.4) is again satisfied for all x = (¥, y) € G,(0).
Now set

Gr:={(¥,y) €U, 1 u(¥,y) = u(x',y1+y2—y) < u(x',2) Vz€ (y,y1+y2—¥)}.

Obviously we have G(0) C Gy, and we can argue as before to infer that G is relatively
open in U;. Let X,, = (¥, V), m = 1,2,..., be any sequence in G, converging to some
point ¥ = (x',y) € U,. Since u € C' ({O < u <supu}) we have u,(x) >0 and u(x) =

u(x',y1 +y2 —y) < u(x,y) ¥y € (¥,y1 +y2 —y). Therefore we find some value y €
(¥,y1 +y2 — ] such that u(x) = u(x,3) <u(x,y) Vy € (,9). If $ < y; +y> — 9, then
u, (x $) = 0. This is impossible by the earlier considerations. Thus 3 = y; + y2 =y ie.
X € G1 Therefore G1 is relatively closed with respect to U;. But this means that G1 U.
The Theorem is proved. |

Analogously one can prove the following extension of Theorem 6.2.
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COROLLARY 6.1

Let u satisfy the assumptions of Theorem 6.2 with the corresponding integrals replaced by
the more general ones in (3.18), where the functions G,a,a;, i,j=1,...,n—1, are as
in Corollary 3.3 and G(x', v, 7) is strictly convex in z. Then the conclusions of Theorem 6.2
hold.

7. Elliptic problems

Now we apply the preceding considerations to elliptic problems. First we deal with the
variational problem (P) from the introduction.

Theorem 7.1. Let 2 be a domain in R" with QQ = QF. For some p € [1,+00) let K be a
closed subset of WSf(Q) and assume that K has the property that, if v € K, then also
v € K for every t € [0,+00]. Let G = G(X',v,z) be nonnegative and continuous on
R x (R )2, and suppose that G is strictly convex in z and satisfies (3.34). Further-
more, let u be a local minimizer of problem (P), and suppose that F,u satisfy the
assumptions of Theorem 5.1. Finally assume that the set {0 < u < supu} is open and
u € C'({0 < u<supu}).
Then u is locally symmetric in direction y.

Proof. From Theorem 5.1 we infer (5.4). In view of Corollary 3.3 and the inequality
J(u) < J(u'), (t € [0,4+00]), we obtain that

/ G(x',u, |Vu|)dx = / G(X,u',|Vu'))dx Vi € [0, +o0].
Q Q
By Corollary 6.1 this means that « is locally symmetric in direction y. [ ]

By Corollary 3.3 and 6.1 the following extension of Theorem 7.1 is obvious.

COROLLARY 7.1

Let Q,K,G,F,u be as in Theorem 7.1 and, in addition, suppose that |Vv| in (1.1) is
replaced by the “generalized gradient” in (3.18) and the functions a,a; are as in
Corollary 3.3. Then the conclusion of Theorem 7.1 holds.

Theorem 7.1 yields the following Corollary 7.2 in the radially symmetric case.

COROLLARY 7.2

Let Q) = Bg for some R > 0 or Q) = R", and let K,G,F and u be as in Theorem 7.1. In
addition, suppose that G and the function B in (5.2) are independent of x, F satisfies (5.3)
in every rotated coordinate system and

F = F(|x|,v) V(x,v) € Q x [0, supu]. (7.1)

Then u is locally symmetric in every direction.

Remark 7.1. (1) If F is independent of x, then we may relax the conditions on F in
Theorem 7.1 and Corollaries 7.1 and 7.2. By Remark 5.2 it is enough to demand in this
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case that F is a Borel function and F(u) € L'(R"). (2) If F is as in Corollary 7.2 and is
differentiable in v, then (OF)/(dv) is nondecreasing in |x|. (3) In view of (2.30), the
assumption on K in Theorem 7.1 means that K may include side constraints of the types
AeR,c>0,u>0)

p<wv<1t,  where p = ¢ 1p =", (7.2)
/ g(v)dx = A, where g is a Borel function, or (7.3)
Q

{v>c} = p (7.4)

In the case of the constraints (7.2) the statement of the problem allows to deal with ‘ring-
shaped’ geometries. Note also that by the monotonicity of continuous symmetrization we
infer from (7.2) that ¢ = ¢ < v/ </ =, (¢t € [0, 400]). Constraints of type (7.4) lead
to variational solutions of overdetermined boundary value problems (see [Se] and [AC]).
(4) Assume that F(x, v) is Lipschitz continuous in v and

K= Wé””(Q) N {constraints of the form (7.2)}.

Then K is convex and well-known analysis shows that a local minimizer u of (P) is a
solution of the following (local) variational inequality

/ G.(X ,u, |[Vu))|Vu| "' VuV (v — u)dx > / g(x)(v—u)dx
0 Q

Vv € K with [[V(v—u)|, <e. (7.5)

Here g(-) € 0,F(-,u(-)), 0,F(x, v) is defined by (5.27) and ¢ is a given (small) constant.
These well-known problems appear in models for reaction and diffusion processes (see
[Di] and [K1]).

Remark 7.1(4) suggests to investigate directly the following differential inclusion
instead of problem (P).

u € Wyl(Q),

— V(G.(x,u, |Vu])|Vu| "' Vu) € f(x,u). (7.6)
Here f(x, v) denotes the maximal monotone graph of f(x, v) with respect to v (see (5.26)).
The idea in proving symmetry results consists in using a Green-type identity with test
function (4’ — u) (namely (7.10) below) and to exploit the estimates of §5 for small z.

Clearly the assumptions on the data of the problem (7.6) and its solution will be more
restrictive than in Theorem 7.1, especially in the case of unbounded domains.

Theorem 7.2. Let Q be a bounded domain in R" with Q@ = QF, and let G = G(¥', ) be
nonnegative, continuous in x', differentiable and strictly convex in z, and satisfies
G(X,0)0=0  and
G.(X,z)<c(+z7"  VW,2) e R xR] (7.7)
for some p € [1,4+00) and C > 0. Furthermore, let u € W(}f(ﬂ), let f =f(x,v) mea-

surable on Q x [0,supu|, symmetrically nonincreasing in y and satisfies (5.11), and
suppose that f can be decomposed as follows
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f=h+f+fs,  where (7.8)
Si =fi(x,v) is continuous in v,
o =fa(x,v) is nonincreasing in v and
fs =h(x)k(xX',v), with h and k as in Theorem 5.2(iv).
Finally let u € Wéf(Q) satisfy weakly
—V(G.(X,|Vu))|[Vu| 'Vu) =g inQ, (7.9)

where g(-) € f(-,u(-)), f(x,v) denotes the maximal monotone graph of f(x,v) with
respect to v (see (5.26)). In addition, suppose that the set {0 < u < supu} is open and
u € C'({0 < u < supu}). Then u is locally symmetric in direction y.

Proof. Let ¢ be defined by p~! + ¢! = 1. Since u € Wé’p(Q) we have f(-,u(-)) € L1(Q2)
by our assumptions and thus also g € L7(€2). From (7.10) we obtain the identity
/ G.(X, |Vul)|Vu| ' VuV (i — u)dx :/ g(x)(u' —u)dx Vi€ [0, +oc].
Q Q
(7.10)

By using the convexity of G with respect to z and Corollary 3.3, we infer from this

0 2 /H(G(xla |Vu7|) - G(x', |VI,£D)dx Z /Qg(x)(ut _ u)dx Vl c [O’ +Oo]
(7.11)

We can estimate the right-hand side of (7.11) according to Theorem 5.2. This leads to

1
lim - [ (G(X,|Vi'|) — G(X', |[Vul))dx = 0.
N0 1 )

Then the assertion follows by applying Corollary 6.1. [ |
A similar result holds also for solutions of (7.9) in the entire space.

Theorem 7.3. Let G = G(X',z) be nonnegative, continuous in x', differentiable and
strictly convex in z and let G satisfy

G(«',0)=0  and
G.(¥,z) < ! V(¥,z) € R x RS (7.12)

for some p € [1,400) and C > 0. Furthermore, let f,u be as in Theorem 7.2 with
Q = R". In addition, suppose that one of the following conditions (i) or (ii) is satisfied,

(1) u satisfies the decaying properties (4.17)—(4.19) of Theorem 4.3;
(ii) f satisfies (5.22) and u is positive and satisfies (5.21).

Then u is locally symmetric in direction y.

Proof. By Green’s formula we obtain for every r > 0

/ G, [Vul)| Vi~ ViV (o — )dlx

)
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= / g(x) (i — u)dx + / G.(x, |Vul)|Vu| ™! @(uf — u)dS
B, 0B, 19/%
Vt € [0,+00], (v :exterior normal). (7.13)

Furthermore, we have by Hélder’s inequality,

_10u _
1) 1= | [ G 9 9™ 52 = )] < Ul o = ],
(7.14)

for some number C > 0. Since u € W!'”(R") N C'(R") this means that lim o /(r) = 0.
Hence, by passing to the limit » — +o0 in (7.13) we see that (7.11) holds with 2 = R".
Then we argue as in the previous proof by applying Corollary 3.3, Theorem 5.2 and
Corollary 6.1. in the case (i) and by using Lemma 5.1 in the case (ii). [ |

Our method is also applicable to problems in ring-shaped domains.

COROLLARY 7.3

Let §2,Q be two bounded domains in R" with Q = %, Qo= Qj and Qo CC Q. Further-
more, let G,f be as in Theorem 1.2 and let u € Wé’p(ﬂ) be a weak solution of the
following problem

—V(G.(X,|Vu))|[Vu| 'Vu) =g, 0<u<1 inQ\Q,

u=1 inQ, (7.15)
where g is as in Theorem 7.2. In addition, suppose that the set {0 < u < 1} is open and
that u € C'({0 < u < 1}). Then u is locally symmetric in direction y.

Proof. Since Qy = €, we see that (u' —u) € Wé’p(Q \ Qo) for every ¢ € [0, +00]. There-
fore the identity (7.11) again holds and we can proceed exactly as in the proof of
Theorem 7.2. [ |

The proof of the following corollary is analogous.

COROLLARY 7.4

Let G,f,u be as in Corollary 7.3 with Q replaced by R". In addition, suppose that one of
the conditions (1) or (i) of Theorem 1.3 is satisfied. Then u is locally symmetric in
direction y.

By using the Corollaries 3.3 and 6.1 we may extend the previous results to more
general differential operators (with obvious changes in the proof).

COROLLARY 7.5

Let the functions G,a,a;, i,j =1,...,n — 1, be as in Corollary 3.4 and independent of v.
Furthermore, let f,u be as in Theorem 7.2 or 7.3 with the equation (7.9) replaced by

-2,

1/2
n 8 n n
/
—E o G| x, E jplhy; Uy, E Qjje U Uy, E ajuy, | = g
i=1 O jk=1 jk=1 =)

(7.16)
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(Here X, :=7, ap, = a’ and aj, = a,; :=0, i =1,...,n— 1.) Then the conclusions of
Theorem 1.2 or 1.3, respectively, hold.
In the ‘isotropic’ cases the following consequences of the above results are immediate.

COROLLARY 7.6

Let u satisfy the assumptions of Theorem 7.2, 7.3 or of Corollary 7.3, 7.4. Suppose that
the function G and the functions b and k in (5.10), respectively (7.8), are independent of x.
Further, let Q) = Bg or 2 = R" and Q¢ = B, for some numbers R > r > 0, and suppose
that

f=r(x],v), f is nonincreasing in |x|. (7.17)

Then u is locally symmetric in every direction.
Let us give a typical example with discontinuous nonlinearity f which is covered by
Theorem 7.3 and Corollary 7.6.

Example 7.1. Let u € W'?(R") for some p € (1,+00), and let ¢ = ¢(¥') be a mea-
surable function on R"~! satisfying

p(x)>6§ VX €eR"™" for some § > 0. (7.18)
Further let u € W7 (R") satisfy

—Aju=-V(Vul"?Vu) =g, u>0 inR", (7.19)
where

=1 if u(x) > o(x)
g(x){ €[0,1] if u(x) = p(x) Vx € R". (7.20)
=0 if u(x) < ox)

From (7.20) we see that g(-) € f(-, u(-)), where f(x, v) is the maximal monotone graph of

fl,v)=x({v> ()},  (x,v) € R" x [0,supu].

Note that, if p =2, n =3 and ¢ = p(|x|), then the problem (7.19) can be seen as a
model for an equilibrium configuration of incompressible axially symmetric rotating
fluids or rotating stars. The fluid rotates about the y-axis, the function f (-, u(-)) represents
the mass density of the fluid and the function ¢ comes from the (prescribed) rotational
law (see [Lio2, F], [B3]).

In view of (7.18) and since u € I7(R") we have g € L'(R"). Since g is bounded, this
yields limy, . u(x) = 0. By (7.18) we infer that g has bounded support. Now we see that
u satisfies the assumptions (and in particular (ii)) of Theorem 7.3. In the particular case
© =6, (i.e. f(x,v) = x({v > 6}), u satisfies the assumptions of Corollary 7.6.
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