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of overdetermined elliptic problems
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Abstract. Let © a bounded domain in RY, and let u € C'(Q) a weak
solution of the following overdetermined BVP: —V (g(|Vu|)|Vu| 'Vu) =
f(zl,u), v > 0 in © and v = 0, |Vu(z)] = A(z|) on 99, where
g € C([0,+00) N C*((0,+00)) with g(0) = 0, ¢'(t) > 0 for t > 0,
f € C([0,400) x [0,400)), f is nonincreasing in |z|, A € C([0,+00))
and ) is positive and nondecreasing. We show that €2 is a ball and u sat-
isfies some “local” kind of symmetry. The proof is based on the method
of continuous Steiner symmetrization.
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1. Introduction

In a celebrated paper [35] Serrin proved the following symmetry result for an
overdetermined elliptic boundary value problem:

Theorem A. Let 2 C RY be a bounded domain with C?-boundary, and let
u € C%(Q) satisfy

N
Lu = a(u, |Vu|)Au + Z b(u, [Vul) e, e Uz, = c(u, |Vul),
ij=1
u>0 in Q, (1.1)

u =0, |Vu| = constant on 012,

where a,b and ¢ are continuously differentiable in each variable and L is uni-
formly elliptic. Then €2 is a ball and w is radially symmetric about the center
of the ball.
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The proof of Theorem A in [35] uses the so-called moving plane method
which goes back to Alexandrov [1]. The method was first applied to the study of
partial differential equations by Serrin [35], and it became very popular thanks
to Gidas, Ni and Nirenberg’s paper [18]. The method combines symmetry
arguments and boundary versions of the strong maximum principle, and it
has often been applied to show the symmetry of solutions in overdetermined
problems, e.g. in [2,12,13,25,29,32-34,37,39]. The moving plane device applies
to very general—even fully nonlinear—elliptic equations. On the other hand,
if the equation degenerates and/or contains terms which are less regular, then
the method often fails.

Several other tools have been applied in such situations. Let us give a
short overview. One approach is based on a comparison principle which is com-
bined with some Rellich-type identity, see e.g. [14,16,17,27,31,38]. Another
idea, used e.g. in [5,28], is to exploit some integral identity which is equivalent
to the overdetermined problem. Although these two tools can be applied to
degenerate operators—for instance to the p-Laplacian—they are useful only
for very special equations. A third method is based on a comparison with suit-
able radial solutions of the equation, and it is applicable to situations when
the solution of the boundary value problem is unique, see e.g. [19,20,22]. A
fourth approach is based on the method of domain derivative which has been
widely investigated in shape optimization (see [36]). This device again seems
useful in problems where the solution of the boundary value problem is unique
(see [11,21]). Note, this approach also highlights the relation between the sec-
ond (‘overdetermined’) boundary condition and minimization of appropriate
domain functionals, see [3,4]. The method of domain derivative has also been
combined with another tool: the so-called continuous Steiner symmetrization
(CStS) (see [9,10]). The idea of CStS is to find “local analogues” to some
well-known rearrangement inequalities (see [6,7,24,30]). The author exploited
this method to prove symmetry results for nonnegative solutions of boundary
value problems in symmetric domains (see [7,8]).

The aim of this paper is to give a new approach to overdetermined
problems which is based on the CStS, but does not use domain derivatives.
Although our method is restricted to operators in divergence form, we allow
nonsmooth terms in the equation, and the solution of the boundary value
problem need not be unique.

Let us fix some notation. By = = (x1,...,7x) we denote a point in RV,
and by |z| its norm. Our main result is:

Theorem 1. Let f : [0, +00) x [0, +00) — R be a bounded measurable function,
such that the mapping v — f(r,v), (v € [0,+00)), is continuous, uniformly
for all v, and the mapping r — f(r,v) is nonincreasing, (r,v € [0,+00)). Let
g € O([0,4+00)) N C((0,+00)) with g(0) = 0, ¢'(t) > 0 for t > 0, and let
A € C([0,400)) be a positive and nondecreasing function. Further, let £ be a
bounded smooth domain, and let u € C*(Q) N C(Q) be a weak solution of the
following problem,
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\Y
-V g(|Vu|)—u = f(lz),u), u>0 in Q; (1.3)
[Vl
u=0 on 0 (1.4)
giwven any € > 0, there is an open set U, containing 0X) such that
[IVu(z)| — A(|z|)| <e VeeU.NQ. (1.5)
Then Q and u satisfy the following symmetry properties:
Q is ball,
Q= U Ck LJS7 where (1.6)
k=1

Co ={zecQ:r.<|z—y*| <Ry}, Rp>r,>0, ¢y*eq,

there is a function vy, € C*((ry, Ry,)) such that u(x) = vp(|Jz — y*|) VreCy,
vp(p) <0 Vp € (ry, Ry),

wz) Zuly) f0<|o -y <|ly—y*l=r, 1<k<m, and

Vu=0 1in S.

The sets on the right-hand side of (1.6) are disjoint and there can be a countable
number of annuli Cy, i.e. m = +00.

Remark 1. (a) (1.3) means:

/g(|vu\)v“'w dz:/f(|x|,u)vdz Yo e WEH(Q) N Wwhe(Q),
Q Q

[Vl
(1.7)
where the expression g(|y|) 17, (y € RY), is interpreted as the zero vector,
ify=0. B
Note that if 9 is smooth and v € C*(Q2), then (1.5) means
ou .
a(m) = A(Jz|]) on 99, (v: exterior normal). (1.8)

(b) Theorem 1 falls out of the scope of the above mentioned results for the
following reasons:
e We do not assume that f is smooth in the second variable.
e The solution of the boundary value problem (1.3), (1.4) might be
not unique.
e The differential operator in (1.3) is not assumed to be uniformly
elliptic.
We also emphasize that the solution u is not radially symmetric in general.
For instance, there are example of nonsymmetric solutions of problem (1.3,1.4)
in a ball in the p-Laplacian case, that is, if g(z) = 2P~! for some p > 1, (see
[7,9]).
Now we outline the content of the article. In Sect. 2, we give the definition
of CStS and we present some results of [6-8] which will be of later use. In Sect. 3
we prove Theorem 1 and we give some extensions of the result in Theorem 2.
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2. Continuous Steiner symmetrization

For points z € RY, (N > 2), we write x = (z1,2'), where 2/ = (z2,...,2n),
and for any set M C R¥ let x(M) the characteristic function of M. If u : RN —
R, then let {u > a} and {b > u > a} denote the sets {z € RN : u(z) > a},
and {x € RN : b > u(x) > a}, respectively, (a,b € R, a < b). Let Z* denote
k-dimensional Lebesgue measure, (1 < k < N), and || - ||, the usual norm
in LP(RY), (1 < p < +00). By #(RY) we denote the family of Lebesgue
measurable—measurable in short—sets in RY with finite measure. Finally, let
7+ (RY) denote the class of real, nonnegative measurable functions u satisfying

LN ({u>¢}) < 400 Ve > 0.

Note that nonnegative functions in LP(RY), (1 < p < +o0), belong to
7 (RY). Generally we treat measurable sets and functions in a.e. sense.

Given a unit vector e € R™, a continuous Steiner symmetrization (CStS)
is a continuous homotopy which connects sets M € .# (RY) and functions u €
S (RN) with their Steiner symmetrizations in direction e, M*, respectively
u*. Homotopies of such type can be constructed in different ways (see [6,7]
and the references cited therein). Below we define a variant of CStS which has
been investigated by the author in [6,7].

For the convenience of the reader we first recall the definition of the
well-known Steiner symmetrization (see e.g. [23]).

Definition 1. (Steiner symmetrization)
(i) For any set M € .# (R) let

M* = (—;gl(M), ;zl(M)>

denote the (one-dimensional) symmetrization of M.
(i) Let M € .4 (RY), (N > 2). For every 2’ € RV~1 let

M(z") :={x1 €R: (z1,2) € M}.
The set
M* = {z=(z1,2'): 1€ (M(2')", 2’ e RN} (2.1)

is called the Steiner symmetrization of M (with respect to x1).
(Note that M* is symmetric and convex with respect to the hyper-
plane {z; = 0}.)
(iii) If u € Z, (RY), (N > 2), then the function

sup{c>0: ze€{u>c}*} if ze€ U{u>c}
u*(z) = =0 r €RY,

0 if v¢ J{u>ch*’

c>0
(2.2)
is called the Steiner symmetrization of u (with respect to x7).
(Note that u*(z1,2") is symmetric with respect to {z; = 0} and nonin-
creasing in x; for 1 > 0.)
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Definition 2. (Continuous symmetrization of sets in 4 (R))
A family of set transformations

Ei: MR) — 4(R), 0<t< 400,

satisfying the properties, (M, N € .#(R), 0 < s,t < +00)
(i) LYE(M))=LY(M), (equimeasurability),

(ii) If M C N, then Ey(M) C Ex(N), (monotonicity),
i

)
(iil) Ey(Es(M )) = Es+(M), (semigroup property),
(iv) If M is an interval [z — R,z + R], (zx € R, R > 0), then E;,(M) :=
[ze™" — R,ze”" + R],

is called continuous symmetrization.
The existence and uniqueness of the family E;, 0 < t < 400, has been
proved in [7], Theorem 2.1.

Definition 3. [Continuous Steiner symmetrization (CStS))
(i) Let M € . (RY), (N > 2). The family of sets

Ey(M) = {z=(21,2'): 31 € B, (M(2')), 2’ e RN}, 0<t< +oo,

(2.3)
is called the continuous Steiner symmetrization (CStS) of M (with respect
to x1).

(i) Let u € ., (RY). The family of functions E;(u), 0 < t < +oo, defined
by
Ei(u)(x)
sup{c>0: z€ Ex({u>c})} if z€ J E:({u>c})
— c>0 = RN
0 if ¢ U E:({fu>ec})’ ’
c>0
(2.4)

is called CStS of w with respect to x; in the case N > 2 and continuous
symmetrization in the case N = 1.

Remark 2. 1. For convenience, we will henceforth simply write M? and u!
for the sets E¢(M), respectively for the functions Ei(u), (t € [0, 4+00]).
2. It can be shown that, if M € .#(RY) and M is open, then the sets M?,
(t € [0,400]), have open representatives. This makes it possible to give
pointwise definitions of open sets and of continuous functions:

(i) If M € M(R) is open and t € [0, 4+0cc], then let
MbO = U {U : U is an open representative of N*, N open, N CC M} .
(2.5)
(ii) If M € M(RY), (N > 2), is open and t € [0, +oc], then let
MO = {z = (21,2) : 1 € (M(2))"9, 2’ e RV}, (2.6)
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Note that the relations (2.5), (2.6) have to be understood in pointwise
sense. The sets M*© in (2.5) and (2.6) are open and they are called the
precise representatives of M.

(iii) If u € .7, (RY) is continuous and t € [0, +-0c], then there exists a unique
continuous representative of u’ which is given by (2.4)—now in pointwise
sensel—where the sets {u > ¢}’ have to be replaced by their precise
representatives.

From now on let us agree that, if we speak about the CStS of open sets or
continuous functions then we always mean their precise representatives.

Remark 3. Below we summarize basic properties of CStS, which have been
proved by the author in [6,7], (M € .# (RY),u,v € 7 (RY), t € [0, +0c0]).
1. Equimeasurability From Definitions 2 and 3 we have

LNM) =N (MY and {u' >c}={u>c} Ve>o. (2.7)

2. Monotonicity If u < v then u® < vt [see [6], Theorem 5, formula (48)].
3. If ¢ : [0,400) — [0,+00) is bounded and nondecreasing with (0) = 0,
then

D(u') = ((u)’, (2.8)
[see [6], Theorem 8, formula (61)].
4. Homotopy
We have
MO=M, W =u M>®=M" u>°=u" (2.9)

(see [6], Theorems 1 and 4). Furthermore, from the construction of the CStS
it follows that, if M = M* or u = u*, then M = M?, respectively u = u’
for all ¢ € [0, +-occ]. Finally, if ¢, — ¢ as n — +oo and u € LP(RY) for some
p € [1,+00), then

lim |lu'» —u*|, =0, (2.10)

n—oo

(see [7], Lemma 4.1).
5. Cavalieri’s principle If F is continuous and if F(u) € L*(RY) then

/RN F(u)dz = /RN F(u') dz, (2.11)

[see [6], Theorem 8, formula (62)].
6. Nonexpansivity in LP If u,v € LP(RN) for some p € [1, +oc) then

lut = !l < Il — o]l (2.12)

(see [6], Lemma 3).
7. Hardy-Littlewood inequality If u,v € L*(RY) then

/ u'v' dx > / uv dz, (2.13)
RN RN
(see [6], Lemma 4).
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8. Let u € L>®(RY) and suppose that u vanishes outside some ball Bg, R >
0. Furthermore, suppose that F' = F(z,v) is bounded and measurable on
Bg x [0, +00), continuously differentiable in v with F(x,0) = 0 Vo € RV,
and (0/0v)F(z,v) is even in 27 and nonincreasing in x; for 27 > 0. Then

/ F(xz,u) de < / F(x,u") du, (2.14)
Br Br
(see [7], Theorem 5.1).
9. If u is Lipschitz continuous with Lipschitz constant L, then ! is Lipschitz
continuous, too, with Lipschitz constant less than or equal to L (see [6],
Theorem 11).
10. If supp u C Bp for some R > 0, then we also have supp u! C Bg. If, in
addition, v is Lipschitz continuous on R™ with Lipschitz constant L, then
we have

|u'(z) — u(z)] < LRt Vz € Bp, (2.15)
(see [7], Theorem 4.2). Furthermore, there holds
G(|Vu']) dz < G(|Vul) dz, (2.16)
Br Br

for every convex function G : [0, +00) — [0,+00) with G(0) = 0, (see [7],
Corollary 3.3).

Note that 1.-3., 5.-7., 9. and (2.16) are common properties of many
rearrangements (see [23]).

The following symmetry criterion, proved in [7], Theorem 6.2, under
the hypothesis 2 = O, holds even without that assumption.

Lemma 1. Let Q be a bounded open set, u € C*(Q), u >0 in Q, u=0 on 9.
Furthermore, let G : [0,400) — [0, +00) be strictly conver with G(0) =0, and

suppose that
1
li (/G’(VuDdx/ G(|Vu']) dx) = 0. (2.17)
=01\ Jo Qo

Then u satisfies the following symmetry property:
If y = (y1,vy') € RY with

ou

Tm(y) >0, (2.18)

0 < u(y) < supu,

and Y is the (unique) point satisfying

v=ny), >y, uly) =u®) <u(zy) Vze(y,g), (219
then

ou ou ,
?%(y)—aixl(g), Z—].,...,.Z\[_].7 and
Ju ou

871(2/) = *87:1(377- (2.20)

For the geometrical meaning of local symmetry, see [7], Remark 6.1.
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We will say that u is locally symmetric in direction x1 if u satisfies the
properties (2.18)—(2.20).

Lemma 2. (see [7], Theorem 6.1) Let Q, u and G be as in Lemma 1, and suppose
that for arbitrary rotations x — y = (y1,y’) of the coordinate system, u is
locally symmetric in direction yy. Then € is an at most countable union of
disjoint open balls and u satisfies the symmetry properties (1.6).

3. Symmetry of the solution

In this section we show Theorem 1. The idea is to use appropriate test functions
v in (1.7) and then to use Lemma 1. This works well in the case of Steiner
symmetric domains Q (see [7]), choosing v = u', respectively v = u, (u':
CStS of w, with small ¢ > 0). However, in our situation, € is not assumed to
be symmetric, so that u! might not vanish on Q. Therefore we modify the
approach of [7], using appropriate cut-off functions of u' and w.

First we introduce some notation. For functions v we write vy :=
max{v,0}. By the symbol o(t) we denote any function satisfying lim; ¢ o(t) /¢
= 0 and which may vary from line to line. For any point = €  we write

d(z) = dist {z; 00} = inf{|x — 2| : z € 90}.
Throughout this section, let u be a solution of problem (1.3)—(1.5). For conve-
nience, we extend u by zero outside €2, so that v € C%*(R™). We denote by L
the Lipschitz constant of u, and we set ug := max{u(z) : = € }. We choose
a number R > 0 such that Q@ C Bpg, and we set fo := sup{|f(|z|,v)| : |z| <
R,0<v<wup}and
k:=2RL.
Finally, we fix some coordinate system
= (r1,2"), (z; €R, 2’ eRNVTL).
Let ut, (0 <t < +00), denote the CStS of u with respect to ;. Since u €
CY1(RY), we have by Remark 3, 9. and by (2.15),

u' € COHRY), (3.1)
u' has Lipschitz constant less than or equal to L, and (3.2)
|u'(x) —u(x)| < LRt Yt € [0,+0oq], (3.3)

Next we obtain some estimates for u and u' near the boundary of €.
Since u is positive in £ and continuous on RY, and since Q C Bg, we have

lir% sup{d(z) : 0 < u(z) < s} =0. (3.4)
Lemma 3. Let t € [0,+00) and u'(x) > kt. Then x € Q.
Proof. We have by property (3.3),
uw(r) >= —|u(z) —u'(z)| +u'(x) > —RLt + kt = RLt > 0.
Hence x € Q). O
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For convenience, we set

Mi(t) :={0 <u<kt} and (3.5)
My(t) == QN{0<u' <kt}, (te(0,+00)). (3.6)
Note that M;(t), Ma(t) C 2, and by Remark 3, 1.,
LN(M () = LN (My(t)) Vit e (0, +00). (3.7)
Lemma 4. There holds:
}Lr% sup{d(z) : x € M;y(t) U Mx(t)} = 0. (3.8)

Proof. In view of property (3.4) it is sufficient to show that
}in{l) sup{d(z): x € M(t)} =0. (3.9)
Assume that (3.9) is not true. Then there exists a number § > 0, a sequence of
points {z,} C © and a decreasing sequence {¢,} C R with lim ¢, = 0, such

that 0 < u!™(z,,) < kt,, but d(x,) > §. The latter also implies that u(z,) > e,
for some £ > 0. On the other hand, we have by (2.15),

u(wy) < |u(w,) — ' (zn)| + u' (zn)
< LRt, + kt,, — 0,
as n — 00, a contradiction. O
Lemma 5. There exists a constant cg > 0 such that
LN(M(t) < cot, (0<t< +00). (3.10)
Proof. By (1.5) and (3.4) there exist positive numbers 7 and ¢y, such that
|[Vu(z)| > 7 if & € Mi(to). (3.11)

By the Implicit Function Theorem, we have that for every s € (0, kto], {u > s}
is an open subset of  with d{u > s} = {u = s}, and {u = s} is locally a C*-
hypersurface. Integrating (1.3) over {u > s}, (s € (0, kto]), Green’s Theorem
yields

/{u_s} g(|Vul|) dstn—1(x) = / f(|z|, u) dz.

{u>s}
By (3.11) this implies

g(7)

Using this and the co-area formula (see [15]), we obtain:

LML) = /Okt (/{U_S} dﬁ?éﬁ(@) ds < i/okt </{u_s} d%”N1(x)> ds

Jo
~ 7g(7)
and the assertion follows. O

/ dsn_1(dr) < ﬂfN(Q), (s € (0, kto)). (3.12)
{u=s}

LNkt (t € (0,t]),
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_ Proof of Theorem 1 The functions (u® — kt), have compact support in
Q for all ¢t € [0,+00], by Lemma 3. Hence we derive from (1.3) the integral
identities

0= / (|Vu|) |V | -V (W = kt) — (u—kt)4) da
/ fllzlw) (W' = kt)y — (u—kt);) do

First we claim that
Ix(t) > o(t). (3.14)
To show (3.14), we split I(t) for 0 < ¢ < ug/k:

L(t) = / (el ) — F(lal k) ((uf — Bty — (u— kt),) de
M (t)

—|—/ f(lz], (w—kt)4 + kt) (u* — k)4 — (u—kt);) da
Q

=: Izl(t) + Igg(t). (315)
By (3.3) we have
|(u(z) — kt)y — (u(x) — kt)y| < LRt Vo € Q. (3.16)

It follows from Lemma 5 and (3.16), that for 0 < ¢ < ug/k,
2
‘Igl(t)l S *foLRCOtZ. (317)
T
Further, in view of (2.8) we have

(ut — kt)y 4+ kt = ((u — kt) 4 + kt)".

Hence we obtain by using Remark 3, 8. and Taylor’s Theorem,

0= /Q (F(|al, (u" = kt)y + kt) = F(|z|, (u— kt) 4 + kt)) do

= /Q/Ol F(z),ub) o ((u' — kt)y — (u—kt)y) da, (3.18)
where
Fr,v) = / Frw)dw, (rv>0), and
—0)(u—kt)L +0(u' —kt), +kt, (6€]0,1]).
Using (3.16), we obtain,
lub () — (u(x) — kt)y — kt| < 6lu’(z) — u(z)| < LRt Yz €RN, 6e[0,1].
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Since the mapping v — f(|z|,v) is continuous, uniformly in x, this implies
lim sup {| f (|, ug () = f(|z, (u(z) = kt); + kt)]: 2 € Q, 0 €[0,1]} =0.

(3.19)
Finally, (3.16) and (3.18) yield, for 0 < ¢t < wug/k,

I22(t) = /Q {f(lwl,(u — kt)4 + kt) — /01 f(\w\yué)da} ((u* = kt)y — (u—kt)y) dz

> —sup {|f(lz|,uf) — f(|z|, (u —kt) L + kt)|: 2 €Q, 0€[0,1]} LRt 2N (Q).
(3.20)
Now (3.14) follows from (3.17), (3.19) and (3.20).
Next we estimate I (t). Let

G(z) = /Oz g(s)ds and h(z):=G(z) — z9(%), (z>0).

Note that h is nonincreasing. Since G is convex, we have for ¢ € (0, ug/k],

Vu - Vu'
)= [ (V)T de = [ g(Vu)|Valda
Q\ My (t) [Vul Q\ M, (t)

<[ gvapVade - [ g(uValde
O\ Ma(t) Q\M; (¢)

< [ (GUVa - GVl + g Vul) T do
Q\ Mz (t)

7/ g(|Vu))|Vu| dz =: I, (t). (3.21)
Q\M: (%)
Since

fl(t):/ G(\vutpdz—/ G(|Vul) de
Q\Ma(t) Q\ M ()

+/ h(|Vu|)dx—/ h( V) de,
Q\M2(t) Q\M2(t)

we further deduce from (3.21),

(1) < h(t) = /

G(|Vut]) da —/ G(|Vul) dx
Q\ M2 (¢) Q

\ M (2)

+/M " h(|Vul|) dx — /M o h(|Vul|) dz
= In(t) — I12(t) + Im(t) — 114(t), (t S (07’[1,0/]{)) (322)
By Lemma 4 and (1.5) we have

}iir})sup{||Vu(x)\ = A|z])| : x € My(t) U Ma(t)} = 0. (3.23)

Furthermore, since A is nondecreasing and since h(z) = G(z) — zg(z), (z €
[0,4+00)), is nonincreasing, the function

p(x) = h(A(z])), (z€RY),
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satisfies p = p* = p* Vit € [0, +00]. Applying the Hardy-Littlewood inequality
(2.13) we obtain for t € (0,ug/k],

/ pds = / XM (8)) da
O\M: () RN
< /R P (O\My (1)) dr = /Q\Mm) pd. (3.24)

In view of (3.24), (3.7), Lemma 5 and (3.23), we obtain for ¢ € (0, ug/k],

Lis() — Ta(t) = — /Ml(t) pdi+ /Mm) pdz+ /Ml(t) (p(z) — b ([Vu])) do

- / (p(z) — h(IVu])) de
Mo (t)

< 22N (My(t)) sup {|p(z) — h (|Vu(@)])| : = € Mi(t) U M(t)}
< 2cotsup {|p(z) — h ([Vu(2)])] : @ € My(t) U My(t)} = oft).

(3.25)
In conclusion, we have by (3.13), (3.14), (3.22) and (3.25) for ¢ € [0, ug/k],
/Q (G(V(u' = kt)+]) = G(IV(u = kt)1])) dz > o(t). (3.26)

Now fix € € (0, ug]. Setting w(z) := min{(u(x) — kt);e — kt} for ¢t € (0, ug/k]
and x € RY, we have by (2.16),

/G V') d:v</G V) d (3.27)

Since w!(x) = min{(u'(z) —kt);;e—kt}, (x € RY), (3.26) together with (3.27)
gives for ¢t € (0, ug/k],

[ (096 = e)+) = GV = e).]) da
= / (G(IVw|) = G(|Vw'))) da +/ (G(|V(ut —kt)+]) = G(IV(u - ktm)) d
Q Q
> / (G(|V(ut —kt)4]) — GV (u— kt)ﬂ)) dz > o(t). (3.28)
Q

In view of Lemma 1, (u — €)1 is locally symmetric in direction x;. Since the
same estimate (3.28) can be obtained for CStS in arbitrary directions, Lemma
2 tells us that {u > €} is an at most countable union of mutually disjoint
balls and (u — ¢) satisfies the symmetry property (1.6) of Theorem 1. Since
€ was arbitrary, v is locally symmetric in every direction, too. Moreover, since
Q= U.oolu > €}, and Q is connected, it must be a ball. The Theorem is
proved. O

Remark 4. It is often possible to derive the radial symmetry of the solution
of (1.3), (1.4) from their local symmetry by using other well-known tools. For
instance, in the case of the p-Laplacian, i.e. if g(z) = 2P~ for some p > 1, u
is radially symmetric if f(|z|,-) satisfies some growth conditions in neighbour-
hoods of its zero points (see [8], Theorem 1).
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We mention three typical situations for a general g:

Theorem 2. Let €2, f, g, \ and u be as in Theorem 1, and suppose that one of
the following conditions (a)—(c) is satisfied:

(a) f is nonnegative,

(b) The mapping r — f(r,v) is strictly decreasing,

(¢) f is independent of x and the mapping w — f(w) is nonincreasing.
Then u is radially symmetric and radially decreasing, i.e. & = Bg(y)), for
some R >0 and y € RY and there is a function v € C([0, R)) such that

u(@) = oz —3l), v'(p) <O Vpe[O,R). (3.29)
Moreover, we have y = 0 in case (b).

Proof. We use the notations of (1.6).
(a) If k € {1,...,m}, we have by Green’s Theorem,

[ felwde= [ g9 dia @) =0,

By, (y*) By, (y*)
which means that f = 0 and hence u = const in B,, (v*), (k=1,...,m).
Since w is positive we must then have m = 1. Moreover, if r; > 0, then
we must have u = const in B, (y*).

(b) If the mapping r — f(r,v) is strictly decreasing, then (1.3) shows that
we must have y* = 0, (k =1,...,m), in (1.6), which proves (3.29), with
y=0.

(¢) Let ¥ be an arbitrary (N — 1)-hyperplane containing the center of the
ball 2. Denote by H one of the two open halfspaces into which RY is
split by X, and let ¢ denote reflection in 3. Define

v(x) :=ulox), (x€QNH).
Since

z

(g<|y|>|j| ~ gl ) (=230

for all vectors y, z € R, and since the mapping w + f(w) is nonincreas-
ing, we obtain

o< [ » (svu g~ aVe) o) ¥l o) o

- / (f(w) — F(w))(u— v) dz < 0.
QNH,

|2

It follows that u = v in QN H. Since X was arbitrary, the assertion follows.
O
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